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It is shown that in the Earth’s core, where the geodynamo is at work (and is supplied with energy by
the prevailing unstable density stratification), a buoyancy instability of a local character exists which is
highly supercritical. This instability results in fully developed turbulence dominated by small scale
vortices. The influence of the Earth’s rotation and of the magnetic field produced by the geodynamo
makes this small scale turbulence highly anisotropic. A qualitative picture of this local anisotropic
turbulence is devised and the main parameters characterizing it are estimated. Expressions for the
turbulent diffusivity are developed and discussed.
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1. INTRODUCTION

The diffusional transport of heat and compositional admixtures in the fluid core of
the Earth is an essential part of the mechanism of the hydromagnetic dynamo of
the Earth (the geodynamo). The thermal diffusivity, K’, and the diffusivity of the
admixtures, I C ~ ,in the Earth‘s core are very small. For example, according to
lO-’q, K < - lO-’’q, where q is the magnetic diffusivity
Braginsky (1964), IC’(which, according to Braginsky (1989), is 2.4m2/s). It is therefore obvious that the
diffusional transport of heat and admixtures in the Earth’s core is accomplished by
the turbulent fluid motions, which are far more effective than the very weak
mechanism of molecular diffusion. This can be confirmed by the following
numerical estimate. Let 1 be the characteristic linear dimension of the turbulent
vortices and u their characteristic velocity. The turbulent diffusivity, IC‘,being of the
order of K‘ lu can be much greater than K ~ , even for modest sizes of 1 and u.
For example let v lo-’ cm/s-this is “usual” estimate of velocities in the fluid
core. If we take I - 10km, which is much smaller than the characteristic macroscopic length, L lo3km, of the core, then IC‘ lu 1 m2/s q.
Direct observations of the turbulent velocities in the Earth’s core are unfortunately impossible (in contrast to the cases of the Earth’s atmosphere and oceans).
The picture of core turbulence has to be painted by theoretical reasoning. For this
purpose some assumptions about the general dynamical conditions inside the
Earth’s core are necessary. We assume that a geodynamo with a strong (predomi-
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nantly toroidal) magnetic field is at work in the core. This dynamo is powered by
the Archimedean (buoyancy) force arising from an unstable density stratification in
the core. We assume also that the motions and fields in the geodynamo are on a
large scale, with the characteristics length L lo3km.
It is shown by Braginsky (1964) that, besides these large scale motions, the
unstable density stratification in the core is also prone to a small scale instability,
which is highly supercritical and results in the development of small-scale
turbulence. This small-scale turbulence is highly anisotropic because of the strong
influences of the Earth's rotation and magnetic field. It produces large and highly
anisotropic diffusional-like transport (miximg) of heat and compositional differences in the core. In what follows we take further the argument of Braginsky
(1964). The heuristic theory of the small-scale anisotropic turbulence developed
below contains order of magnitude estimates of the main 'parameters which
determine the general properties of the turbulence. An estimate of the turbulent
diffusivity is also derived, and is compared with the value we can expect in the
hydromagnetic dynamo of the Earth.
A heuristic approach is quite natural for such a complicated situation as fully
developed turbulence. It was exploited also e.g. by Stevenson (1979) for turbulence
with magnetic field and rotation.

-

2. MAIN EQUATIONS
The following system of hydromagnetic equations for an incompressible fluid in
the Boussinesq approximation is used:

- v)v- vv2v= -VP+ F* + F~+ F ~ ,

d,V +(v

F R = 2 V x n , FB=(B.V)B, FC=gC,

+

d,B (V * V)B - qV2B=(B-V)V,

V*V=O, V.B=O.

(2.1)
(2.la, b, c)
(2.2)

(2.4a, b)

Here V is the fluid velocity in a coordinate system rotating with the solid Earth
with the angular velocity S2 (R=0.73.10-*~-'); B is the magnetic field; C =
( p - p o ) / p o is the fractional excess of the true density, p, over the equilibrium
density po; P is the effective pressure including centrifugal and magnetic pressure
terms; FR, FB and FC are the Coriolis, Lorentz (magnetic) and the Archimedean
(buoyancy) forces per unit mass; g is the acceleration due to gravity; v is the
kinematic viscosity, q is the magnetic diffusivity and K is the diffusivity of the
density inhomogeneity, C. We suppose that C is prcduced by an inhomogeneous
concentration, 5, of a light admixture; therefore K = K < ; GC is the source of C,
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supposed given. The magnetic field is divided by (41~p,)"~, and therefore has the
dimensions of velocity, 1 cm/s being approximately equivalent to 11G = 1.1 mT.
The coordinate system attached to the solid Earth is used, with cylindrical
coordinates (z, s, 4) and spherical polar coordinates (r, 8,6,)where the z-axis (8=0)
is parallel to a;here 6, is the longitude, 8 is the colatitude, s is the distance from
the z-axis and r=J(z2+s2) is the spherical radius.
Let us decompose each of the variables in (2.1)-(2.4) into a sum of a main
(basic) part and one associated with the turbulence:

V = (V)

+ V,

B = (B)

+b,

C = (C)

+C,

(2.5)

and also P = (P) + p. The small letters denote turbulent components and averaging is denoted by the angular brackets. Let us substitute (2.5)into (2.1)-(2.4) and
subtract the equations averaged over the turbulent component. The surviving
nonlinear terms contain parts both linear and quadratic in the turbulent
components:

Lb= (b - V)V -(V - V) B,

L"=(b V)B -(V * V)V,

(2.6)
(2.7)

Mu= V.(bb - vv - (bb - VV)),

(2.8)

Mb= V x (V x b - (V x b)).

(2.9)

Here V is written instead of (V) etc. The angular brackets will be omitted here for
simplicity. The equations for the turbulent variables may now be written in the
form

(d, - vV2)v

= -VP-

2 R x v + (B.V)b+ gc + L"+ Mu,

(d,- qV2)b= (B-V)v+ Lb+ Mb,

(d,-xV2)c= -v*VC+M',
V-V=O, V*b=O.

(2.11)
(2.12)
(2.13)
(2.14a,b)

Here d,=a,+V-V. The derivatives with respect to the time t and the coordinates r,
8 etc. are written in the form a, = a/&, a, = a/&, a, = 8/86 etc.
The terms L", Lb are small because they are proportional to the gradients of the
basic (averaged) quantities which change over a characteristic length, L, that is
much greater than the characteristic length, I, over which the turbulent variables
change.
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3. BUOYANCY INSTABILITY
Consider the stability of a basic state (V, B, C) with respect to small perturbations
of short spatial scale I<< L. The equations governing these perturbations (v, b, c) are
(2.11)-(2.14) but with the terms (2.6)42.10) neglected. We neglect also the terms
involving d, in Eqs. (2.11) and (2.12) which represent mechanical inertia and
magnetic self-induction; the justification for these simplifications will be discussed
later. The resulting equations are
Vp = 2~ x R + ( B * V ) b + vV2v+gc,

(3.1)

V*V=O, V-b=O.

(3.4a, b)

For the small scale perturbations we can treat g, B, V, VC as constants. We
introduce the local Cartesian coordinates x, y, z and suppose R= l $ , V = l , V
B = 1,B, where 1, is the unit vector in the direction of the a-axis. Here the y-axis is
in the direction of increasing longitude, V, B being parallel to this because of the
dominating toroidal velocity and magnetic field in the strong-field geodynamo. We
also assume that VC is parallel to g. Our stability problem is now approximated
by a stability problem over all space.
The solution can be found in the form of sinusoidal convection cells. We
introduce the function

II = Ji sin x’ sin y’ sin z’,
such that

(3.5)

(n2)= 1 and with the arguments
X’

= k,x

+ a,

y’ = k,(y - <t)

+ S,,

Z’

= k,z

+S,,

(3.5a, b, c)

where k,k,, k, are the wave numbers and S,, S,, 6, are arbitrary phases. The values
(v,b,c) are proportional to l
7 exp(yt) and/or its partial derivatives with respect to
the coordinates. The operation of d , = d, + V V is now equivalent to multiplication
by y, and -V2 is equivalent to k2 = k: +ky’ + k I . It is convenient to define the
following dissipative frequencies

.

7%= vk2,

y n = qk2, y K = K k 2 .

(3.6a,b, c)

Expressing b in terms of v by means of (3.2) and substituting into (2.1), we
obtain

v p + 2R x v + y*v = gc,

(3.8)
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where

Y*=Ysk,2/k2+Yyy,

(3.9)

Y B = B2/?.

(3.10)

The Coriolis and frictional forces appears in (3.8). The friction coefficient (3.9) has
magnetic and viscous parts.
Eliminating the pressure gradient by operating on (3.8) by V x , we may express
v in terms of c:

v =g,z,(kf/k2)[l,c

+kL2(V, -2Qy; ‘1, x V)a,c],

+ ki,

1, a , = V

(3.1 1)

where

k:=kz

V,=l,

a,+

- 1, a,,

T* =y,(y:

+a:)-’,

Q, = 2QkJk.

(3.12)
(3.13)

Equation (3.3) gives ( y + yK)c= -v.VC=y,c, whence
Y =Y a - Y K ,

(3.14)

ya = O,~Y,(Y:+Q:) - ‘k:/k2,

(3.15)

a,c.

0:= - g ,

(3.16)

The assumption VC = 1, d,C is utilized here.
The convective cells can be described by the following expressions
c = can, c, = - a( t)

v = van,

0,

a$,

= a(t)y,,

b = ban,,, b, = o,k,B/y,.

(3.17a, b)
(3.18a, b)
(3.19a7b)

Here ll is given by (3.5) and the vector II has the following components

n, =n,
~ , = ( ~ x k , ~ . x , + Q * Y , ’ ~ ~ , ~ , , , ) ~ ; 2 7

ny=(ky~zn,yz
-Q*Y,

1kk,n,x,)k;2.

(3.20)
(3.21)
(3.22)

The subscripts after a comma mean differentiation by the primed variable, e.g.
n,,=Xl/ay’, =alI,/ay’, n,xz
= azll/dx’ az’ etc. These differentiations transform
sin into cos and cos into-sin but they do not change the orders of magnitude and
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dimensions. The amplitudes c,, u,, b, are proportional to a(t)-exp(yt); this
amplitude, a(t), has the dimension of length.
The frequency yK is very small yr<<yur hence the basic state with oi=
-g, d,C > 0 is always unstable. Here o, is the Archimedean (buoyancy) frequency
which is an analogue of the Brunt-Vaisala frequency but for unstable
stratification.
The physical meaning of this instability is very simple: the lighter fluid elements
float up and the heavier ones sink, under the influence of the Archimedean force.
This motion is not free; it is retarded by the force of magnetic friction and it is
hampered by the Coriolis force. The magnetic and Coriolis forces do not, however,
stabilize the motion; they only decrease its growth rate, which is much less than
the Archimedean frequency w,.
How can o,be estimated? The physically prescribed quantity in the Earth’s core
is the flux I of the density excess C at the inner core boundary. This flux is
determined by the general rate of cooling of the Earth, which results in the
crystalization of the inner core and the release of light admixture. Another
possibility is that the flux I is created by a heavy constituent (iron) falling from the
core-mantle boundary, a mechanism that is controlled by slow processes taking
place at that boundary and within the mantle. If the turbulent diffusivity K‘ is
known from the theory of turbulence one can estimate d,C- -Zz/u‘ and hence
obtain o,.This will be done below. Here we estimate o, by comparing the
Archimedean and Lorentz forces in the geodynamo. The Lorentz force is of order
B2/L. The Alfven frequency for the basic length scale L is therefore wAl= E/L.
(Recall that E is, according to our convention, just the AlfvCn velocity.) We
assume that a dynamo of model-z type is acting in the Earth’s core (Braginsky,
1978, 1989). In such a dynamo the Archimedean force is a few times greater than
the Lorentz force and consequently w,S:oA,. Taking B - 10cm/s ( - 10’ Gauss)
and L-lO*cm, we have O , ~ - I O - ~ S - ’ . Therefore we take ~ , - 2 . 1 0 - ~ ~ - ~ - 6 y - ~
as our numerical estimate.
The growth rate y, depends on k,, k,, k, through R, and y*. The elongation of
a cell in the z-direction diminishes the influence of the Coriolis force and its
elongation in the y-direction diminishes the magnetic friction. For the cells with
the greatest growth rate both k,/k and k,/k should be small; therefore k x k , x k,.
According to (3.15) the maximum y, is attained for any k , / k when
Y*=Q*.

(3.23)

The perturbations for which (3.23) is satisfied are the fastest growing, and they
form the cells that dominate the spectrum of the turbulence. Just such “plate-like”
cells for which (3.23) is satisfied are considered below. The growth rate of these
dominating cells is given by
y, =w 3 2y * = o,2/2R*.

For k z k k , x k , > > k , , k , and y*-R,,
simpler form:

(3.24a, b)

Eqs. (3.21) and (3.22) may be rewritten in a
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(3.22a)

Let us ignore the viscous friction term yv in y*, assuming that vk2<<yBk;/k2.
Then condition (3.23) may be written as
k,”/k2= &*k,/k,

(3.25)

= 2R/y,.

(3.26a)

where
&*

Using (3.10) this may be rewritten in the form
&* = 2Rq/B2 = Bi/B2,

(3.26b)

where B, is the natural unit of magnetic field strength in the geodynamo:
B* = ( 2 R ? p .

(3.27)

[This would be B , =(4nrp,2Rq)”2 if measured in Gauss.] Assuming q = 2.4 m2/s we
obtain B , = 2 cm/s or 22G.
The following order of magnitude relations are characteristic for the strong field
dynamo: BP-B*W-’l2, B,-B,W“2
where BP and B, are the poloidal and
toroidal field components (Bp<<B,) and W(>> 1) is the magnetic Reynolds number
of the toroidal (dominating) motion. Comparison of these relations with (3.26b)
shows that
and therefore E.,, is a small parameter. Taking B-lOcm/s
( - 102G) we obtain ~,-4.10-’. Now (3.26a) shows that the magnetic friction
coefficient y B is very large; for the assumed q and B it is y,=B2/q-4.l0-’s-’.
This is about 50 times greater than R which is the second greatest frequency
characteristic of the Earth’s dynamo.
The very strong influence of rotation and magnetic friction on the growing
convective motions is moderated by the z and y elongations of the dominating
cells. The relation (3.25) gives one condition to determine their dimensions. To
obtain other conditions we should develop the nonlinear theory.

4. QUALITATIVE THEORY OF THE LOCAL ANISOTROPIC

TURBULENCE
4.1 A General Picture of the Turbulence

No attempt is made in this paper to derive a quantitative theory of the local
turbulence in the Earth’s core. Instead we present a qualitative picture of the
turbulence and make dynamical assumptions that we consider to be plausible.
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Order of magnitude estimates of the main relevant physical quantities are then
obtained based on these assumptions.
We suppose that the characteristic scale, I, of the dominating convective cells is
small: 1 <<L. (This will be confirmed below.) The turbulence therefore has an
essentially local character. The basic flow quantities V, B, VC are taken to be
constants. The parameters of the turbulence do not depend explicitly on the
characteristic linear dimension, L, of the core.
We adopt the following picture of the turbulence. On the background of the
basic unstable stratification, w,’= -g.VC>O, perturbations in the form of packets
of plate-like cells, resembling those given by (3.17)-(3.19), grow exponentially
because of the convective instability. When the amplitudes of the convective cells
become large enough for strongly nonlinear effects to come into play, the cells are
destroyed and disappear, i.e. they are smoothed out. In their place new packets of
cells are born, grow and die in a never ending sequence. All space is filled by such
packets of turbulent cells in different stages of development.
We suppose that the characteristic lifetime of the turbulent cells and the
relationships between the main variables (v, b, c) in a cell can be estimated in order
of magnitude by the linear theory of Section 3. In other words the durations of the
linear and nonlinear stages in the development of a cell are supposed to be of the
same order of magnitude, so that l/y, can be taken as their characteristic lifetime.
We suppose that the energy spectrum of the turbulence has a maximum (not
necessarily sharp but rather pronounced) which corresponds to the dominating
cells. Only these dominating cells will be considered below. Note that the unstable
motion considered is highly dissipative because of the strong magnetic friction.
There is no significant cascade of energy from the dominating cells to cells that are
much smaller. Both the release of gravitational energy and its dissipation occur in
fields and motions in one band of spatial scales, of order 1 corresponding to the
dominating cells.
We suppose that a few different mechanisms of cell destruction act on a
dominating cell at the same speed and obliterate the cell in the same interval of
time. This principle of “maximum plurality of active physical effects” has no strict
foundation but may be considered to be plausible. If for some choice of cell
parameters one particular mechanism is able to destroy the cell in a shorter time
than the other mechanisms, then this choice is not the one defining the dominating
cells. For the latter, the parameters adjust themselves in such a way that the most
dangerous mechanism is weakened so much that the time over which it destroys
the cells is of the same order of magnitude as for the other mechanisms. We
suppose that such an adjustment is dynamically possible.
There are four main parameters defining our anisotropic turbulent convective
cell: the general amplitude of the cell, e.g. c, or a(t) in (3.17)-(3.19), and the three
dimensions of the cell, I,, I,, I,, or their reciprocals k,, k, k, which are mostly used
below. Four conditions are necessary to estimate these four parameters. One of
them is condition (3.23) of maximization of the growth rate. The other three can
be obtained by considering three different mechanisms of cell destruction.
Two mechanisms are simply the geometrical distortion of the cell by the
turbulent velocities u, or u,. Significant distortion in the z-direction occurs when
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the z-displacement uz/ya is of order of l/kz, that is when kzuz-ya. Similarly,
corresponding to y-distortion: k,u, y.. The fulfillment of either of these two
conditions makes the nonlinear term v - V c in (2.13) of the same order of magnitude
as the linear terms.
The fourth condition for cell destruction arises from a quite nonlinear type of
motion produced by the nonlinear force M”=(b-V)b-(v-V)v; see (2.11) and (2.8).
Although Mu is much smaller than the linear terms in (2.11), its y-component
averaged over y and z is not zero, and it therefore has a significant effect. This
averaged nonlinear force, Mi,varies in the x-direction like sin or cos(2ks) and is
independent y and z. The velocity C,(x) it creates is similar to the geostrophic
velocity V,(s) of the basic flow (this corresponds to Vy in the local coordinate
system), but C, is highly non-stationary and varies on a short length scale,
-(2k,)in the x-direction. We shall call it “the geostrophic velocity associated
with the turbulent cell”.
The Coriolis force and the magnetic friction are ineffective in geostrophic
motions, which are independent z and y, and are directed along the magnetic field
lines. That is why the force
can be balanced only by the viscous friction, y,C,
and by inertia, both of which are rather small. The viscosity of the core is very
poorly known we shall therefore consider separately the cases of small and large
viscosity. If the viscosity is large then f i Y - M i / y v and the condition for cell
destruction kyCy ya, takes the form k,Mi/y,- y.. If the viscosity is small then it
seems reasonable to suppose that the terms (b.V)b and (v.V)v in Mi partially
cancel. The relation b,-va, or kyB/y,-l [see (3.19)], can therefore be adopted as
the fourth condition. After the estimates have been completed for these two cases,
the boundary dividing them will become obvious.

’,

-

4.2 Small Viscosity
When the viscosity is small, the conditions determining the parameters of the
dominating cells can be written in the form

The approximation k x k , is used in (4.1H4.4).
Here (4.1) is the same as (3.23) or (3.25). It can be seen from (3.21a), (3.22a) and
(3.23) that u,-vZ. The condition kyuy-ya together with (4.2) therefore gives (4.3).
Condition (4.4) was discussed above.
Denote a typical value of k, and k, by k,; then (4.1) and (4.3) can be rewritten
as
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ko = &*k,.

(4.5)

Substituting this into (4.4) and using (3.26a) we obtain

ko = E*k, = (2Q2~/B3.

(4.7)

- - -

or
For B=lOcm/s we have k,-1.4
10-5cm-', ~*=0.04, k,-6.10-7cm-',
l, =n/k, 2 km, 1 n/ko 50 km. These cells are really small, 1 << L.
The characteristic time scale of the turbulence may be estimated from (3.24) and
(4.5) as the inverse of the growth rate

If wa-2.10-'s-'
and &*=4 lo-' then ya-3.10-9s-'. This is of the same order of
magnitude as the frequencies of the torsional oscillations in the Earth's core
considered e.g. in Braginsky (1984). (Their periods are near 60 and 30 years.)
The amplitude of the turbulence is given by (4.2) as ~ , - k ; ~ y ~which
,
looks
quite natural. Comparing this with the amplitudes given in (3.17) and (3.18), we
can rewrite (4.2) as an estimate of the amplitude of c:

This relation also has a clear meaning: the turbulent perturbations grow until the
distortion, k,c, of the density gradient by the turbulence is of the same order as the
basic gradient, a,C.
This estimate of the amplitudes can be given another interpretation. Let us
assess the coefficient or turbulent diffusion in the z-direction in the spirit of
"mixing length" theory as
K'-kz-l~,.

(4.10)

Then (4.2) is equivalent to y a y : where y:=K'kt.
In other words, the turbulent
self-mixing of the cells takes a time of the order of the lifetime ya-' of the cells.
It should be noted that (4.2) differs drastically from the similar condition
adopted by Stevenson (1979), which in our notation reads ku ya. This condition
does not take into account the strong anisotropy. It is approximately equivalent to
kxuz-ya, but the combination k,u, is irrelevant for strongly anisotropic cells of the
type considered here. It measures the velocity shear in the cell and it might be
relevant to secondary instabilities of inertial type (e.g. Kelvin-Helmholz instability). But in our case magnetic friction dominates strongly and inertial effects are
of secondary significance.
From (3.6b), (3.9), (3.10), (3.26), (4.5) and (4.6) we have

-
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y., = yBk,"/k;=2RE,,

(4.11)

y,, = qk: = 2QE.,,.

(4.12)

The corresponding numerical estimates are y*- yq-5
s-'. These are much
greater than yu-3
s-'. Therefore both inertia and magnetic self-induction are
negligibly small and the omission of the term involving d, in (3.1) and (3.2) is
justified.
It is convenient to introduce another small parameter
Eu=--.

"U

20E,

(4.13)

-

Using the same numerical values, we have cU-4
From (4.8), (4.12) and (4.13)
it follows that ya/yq ~ 3 2 .
The amplitudes of the turbulent velocity, u - k; 'yU, and magnetic field (which
are supposed to be comparable in the case of small viscosity) can be obtained
from (4.7) and (4.8). They are expressed through the new parameter (4.13) in a
simple form:

--

u b B~,2/2.

--

Numerically we have v b

(4.14)

lO-'cm/s. Substituting (4.13) into (4.14), we have
(4.15)

4.3 Large Viscosity
Conditions (4.1)<4.3) are the same for large viscosity as for small viscosity, but
(4.4) should be changed. Expressions (4.5) and (4.8) follow from (4.1)-(4.3), and
they are therefore still valid.
Let us make the assumption (which will be confirmed by the estimates below)
that, for large viscosity, magnetic perturbations are greater than velocity perturbations. Then the nonlinear force, averaged over y and z, is M;-kxbxby or
M;-b2ky, where we have used the relations k,b,-kyby and b y - b , - b ; see (3.21a),
(3.22a) and (3.23). The value of fiy is determined in the present case by viscous
friction; hence fiy"bZky/yv.The distortion of the cell by geostrophic velocity is
significant when kyfiy-yu, and since kyuy- ya it follows that fiy-vy. Assuming (as
before) that uy-uZ-u, we may replace (4.4) by the condition

-

u b2k,/yv.

(4.16)

Adding here the relations b-(k,,B/y,)u from (3.19) and kyu-yu from (4.2) and (4.3),
we obtain
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(4.17)

-

Substituting k, t*kx. y,
E, and E, we obtain

yv, y,,,

-

o ~ o J and
2 expressions (3.6a, b), (3.26) and (4.13) for

k,- 0:"(2q~)-

1/4,

(4.18)

or in a different form which is closer to (4.6)

where
V1 = t/E,2/2.

(4.20)

-

Now bJu Bk,/y, can be estimated as
b/~-(v/v,)'/~.

(4.21)

Here v1 defines the boundary between small and large viscosities at which the
formulas for these two cases match together. In our numerical example ~ , - 4
we have v,-20cmz/s. This magnitude falls within the range of indeterminacy of
the core's viscosity.
If v > v l our estimate of the linear dimensions of the cells is greater than for
v < v , . Both k, and k, are proportional to (v,/v)'/~,but our estimates of the ratio
k,/k,- E , and of the characteristic time (4.8) are unchanged.
The ratio of viscous friction to magnetic friction terms in (3.9) is ( y v / y B ) ( k i / k ; ) .
Using (4.18) we obtain

(4.22)

This formula is applicable when y V c y * , and this is true unless the viscosity
and shall
exceeds Ifl~:, which is very large. We shall suppose that v < &
consequently neglect yy in (3.9). Relations (3.25) and (4.1) are then valid. In the
case of a large viscosity, its magnitude is essential in conditions (4.16) and (4.17)
for the associated geostrophic motion. It remains negligible however in the
frictional force, - y*v, in which magnetic friction still dominates.
It was shown by Frenkel (1958) that at high pressures the viscosity of a fluid
varies very rapidly with pressure. That is why the viscosity of the core is so
uncertain. The viscosity of the molten iron at atmospheric pressure is v o w
lo-' c m 2 / s , but at high pressure it may be much greater. By extrapolating to high
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pressures, Braginsky (1964) estimated that v - 1 cm2/s deep in the core, but the
reliability of such an extrapolation is doubtful. The following possibilities seem the
most plausible: (1) vTv, in the whole core; (2) v-10-102cm2/s-(103-104)v,
at
the core-mantle boundary but, deep within the core, the viscosity is greater by
2 - 3 orders of magnitude, being there of order q or even greater. In this case the
formulae of this section are applicable. One should however recognize that the
toroidal magnetic field is weaker deep within the core, and the numerical estimates
will be significantly different from those given in the example above. The decrease
in B and the increase of v deep in the core lead to a reduction in the anisotropy of
diffusion.

4.4 Turbulent Transport in the Core
Let us calculate the flux I,=(u,c) using the theory of convective instability.
From (3.17) and (3.18) we have c=c,ll, u,=u,n, and since ( n 2 ) = 1 it follows
Estimating the amplitudes by (4.2) and (3.17) as u,=ya/k, and
that Z,=c,u,.
c, = - k,- a$, we obtain
I , = -K :

a$,

(4.23)

where
(4.24)

K: =y,/k:.

This coincides with (4.10).
The coefficients of diffusion in the y and z-directions are of the same order of
magnitude, K: K:, because uy u, and k, k,. Diffusion in the x-direction is
gives
certainly much weaker then in the y and z-directions. The estimate ic:-ya/k:
Some small effects, so far not considered, might
the very small value K:-E:Ic:.
increase K:. There is however little doubt that K : K I C : in the main body of the core.
The magnitude of the flux I, is decided by the external physical conditions
rather than by 8,C. It is therefore reasonable to estimate the turbulent diffusivity
(4.24) by expressing it in terms of the flux. Substituting the growth rate (4.8) with
0,=
"g a,C into (4.24), we obtain

-

For small viscosities k,

-

-

-

2Q/B hence (4.23) and (4.25) give
(4.26a)

(4.27a)
From (4.25) we have, for the case of small viscosity,
(4.28a)
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where the convenient combination
I * = 8Q2q/g=4QBJg

(4.29)

appears. In the case of large viscosity, k; - o d 2 ~ q ) - “ ~should be substituted into
(4.25) leading to

Kt/q - ( I , v / ~ I , ) ” ~ B ~ / B ~ .

(4.28b)

Both (4.28a) and (4.28b) show a strong (-B4) dependence of the turbulent
diffusivity on the magnetic field.
The flux density I, can be estimated from I-G‘L, where G‘ is the rate of change
of C in the main volume of the core due to removal of the heavier component of
core fluid by crystallization of the inner core; L is the characteristic length. Let V,
and V, be the volumes of the whole core and of the inner core; R, and R, are
their radii where R , z 0 . 3 5 R 1 . The value of G‘ can be estimated from the following
balance:

where Ap is the jump in the density at the inner core boundary. We estimate the
rate of growth of the inner core by dV,/dt-V,/t,, where t,-4.109y is the age of
the inner core. The value of Ap is crucial for the energetics of compositional
convection in the core. Unfortunately it is not well known. Assuming the
commonly adopted value Ap/po= 1/20, we obtain G‘= 1.7.10-20s-’ and I , LG‘-1.7 lO-”cm/s for L-103km.
Taking E* = 0.04 that is B - 10cm/s and calculating 1, = 8Q2q/g to be approximately 10-6cm/s, we obtain from (4.28a) an estimate of the turbulent diffusivity
for the case of small viscosity: ~ t l q - 0 . 8 . In the case of large viscosity, assuming
~ - 1 O - ~ q = 2 . 4102cm2/s,we obtain from (4.28b) ~ 1 J q -1.6. Thus in the outer parts
of the core where B,-102G, the turbulent diffusivity is of order q. Deeper in the
core, however, where the toroidal magnetic field is weaker, the turbulent diffusivity
is smaller. The reason for this decrease in diffusivity with magnetic field is the
reduction in the dimensions of the cells, especially their elongation in the zdirection as measured by E; = B2/B:. As B decreases, the mixing length kz- also
decreases and K: becomes smaller. This result is qualitatively independent on the
poorly known magnitude of the core’s viscosity.
It is interesting to estimate d,C and the magnitude of w:=gd,C. Formula
while from (4.27b) we
(4.27a) for the case of small viscosity gives 0,- 3.10-’sobtain in the case of large viscosity (v- lO-,q) the estimate ~,-2.lO-’s-’. These
values are in good agreement with the estimate o, 2.10- s - derived in Section
1 from the state of the model-z dynamo. Despite its roughness this agreement gives

’

-

’

’ ’
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some support to the qualitative theory of local turbulence in the Earth’s core
presented here.
5. CONCLUDING REMARKS

The main specific property of the turbulence considered in this paper (see also
Braginsky, 1964) is its local character. The linear scale, I, of the turbulent motions
and fields is determined by their intrinsic properties and is much less than the
scale, L, of the system. The characteristics of the turbulence are therefore
determined by the local parameters VC,B etc. of the basic state and L is not
directly relevant. The turbulent diffusivity can be expressed through these local
parameters and it can then be used in determining convection on the macroscale,
L. This procedure is similar to the transition from gas kinetics to fluid dynamics.
Another characteristic of the turbulence considered here is its high degree of
anisotropy. That is why the diffusivities in the z and q5 directions, K : - K ~ , are
much greater than in the s directions. The number of parameters required to
specify the turbulence is larger than in the isotropic case, and the number of
physical conditions required to define them consequently also increases.
Our picture of the turbulence led to the set of conditions (4.1H4.4) or (4.16). It
was shown that condition (4.2) is re-inforced by a different physical argument. It is
therefore believed to be reliable. Condition (4.3), k, k,, deserves some additional
comments. This followed from kyuy-ya, which is similar to (4.2), together with the
relation uy-uZ. Let us write k,=ak, where a is an aspect ratio of the cells. It is
easily understood that the supposition k, >>k, would result in a faster destruction
of the cells than that given by (4.2) and is consequently unacceptable. We can
therefore reject a>> 1 but what about a<< l? It was argued in Section 4 that a- 1,
on the basis of the “physical plurality assumption” which we consider plausible
though not proved. It is easy to generalize the expressions given above for K: to
the case of arbitrary a, because a enters all equations only in the combination aB.
Therefore ~ i a a ‘ in (4.28a,b) and K i a a 8 in (4.25). Let us now apply another
principle which is also not proved, but which has been widely used since it was
put forward by W. V. R. Malkus, namely the principle of maximum turbulent
transport. To increase the turbulent diffusivity one has to increase a as much as
possible. Since a >> 1 is not acceptable, a 1. These arguments provide additional
support for condition (4.3).
The most complicated situation is connected with the geostrophic-like motion
driven by non-linear force M ; and resulting in fourth condition of the Section 4.
The form (4.4) of this condition is used only for small viscosity and is replaced by
(4.16) for large viscosity. It is supposed that the fluid can move along magnetic
field homogeneously (longitudinal length scale>> k,- ’) so that it experiences no
magnetic friction. However the real field is not homogeneous. Even a flow along
the magnetic field lines therefore experiences “residual” friction. This effect is
difficult to estimate for the complicated field of the geodynamo. Perhaps the
formulas for large viscosity could be used but with some “effective” (enlarged)
viscosity instead of the real one. This adds to the uncertainty of the theory.

-

-
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The turbulence is powered by the buoyancy instability. Only the simplest model
of the basic state was considered above, with both g and VC parallel to 42= 1 9 .
In the Earth's core, g and VC also have s components. Suppose for simplicity that
g is parallel to VC. Then instead of (3.15) one obtains the following expression for
the growth rate of the linear instability

where a:= -g,C,, m i = -g,C,, k f = k : + k ; = k2. The second term in (5.1) has a
maximum of w 3 * / 2 Q at k,=E,k. For o,-w,
this maximum is of order E:
multiplied by the first term; cf. (4.8). Therefore the use of the simpler expression
(3.15) was justified.
Perhaps an investigation of the secondary instability of the turbulent cells could
help in establishing the conditions which determine the parameters of the
turbulence, but this complicated task is not attempted here.
Some kinds of secondary instability can be driven by the large x-directed
E;
d,C.
density gradient within the cell, which is of the order of k,c k,k; a$
Substituting this for d,C in (5.1) we still obtain a small growth rate, of order E*Y,.
Hence this effect is rather weak. There are, however, other secondary instabilities
similar to the baroclinic instability and driven by the gravitational force g,k,c.
Their effects are more complicated and may be more significant.
It is necessary to stress that, though the role of the local turbulence in the
transport of heat and admixtures is so crucial that d - q , its influence on ohmic
diffusion of the basic field and on the a-effect are negligible. With u-B&2
according to (4.14), the nonlinear electromotive force in the c$ direction (v x b)yu,b,-E*ub is of order of a'B where a'-uE*&2. Here the coefficient of the a-effect
is very small. The so called /?-effect, that is turbulent magnetic diffusion [see e.g.
Moffat (1978)], is also proportional to the product ub and is therefore very small
in our local turbulence. The magnetic Reynolds number is very small for the
turbulent cells, and this makes both these nonlinear effects negligible.
The energy dissipation rate in the local turbulence is not small-it is of the same
order of magnitude as the Joule dissipation in the main large-scale mechanism of
the geodynamo. It is shown in Braginsky (1964) that the heat released because of
the turbulent diffusion is

-

'

-

'

and the rate of working of the Archimedean force driving the geodynamo is

where Vp is the meridional component of the fluid velocity and dV is the volume
element. If Z-dC/L, Vp-q/L (this is the usual estimate for the dynamo
mechanism) and if d-q, then Q D - d . The energy dissipated by the local
turbulence is, however, not taken from the large scale magnetic field. This energy
is drawn directly from gravitational energy through the rate of working of the
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Archimedean force on the velocity of turbulent motion, and it is dissipated
through magnetic friction. In other words, QD is the Joule heat released by the
turbulent electric currents. These currents are of large density (- k,b) because
k,>>L, so that k,b- B/L, even though b<<B.
The problem of developed turbulence is a highly complicated one and in this
paper only a general picture is painted and order of magnitude estimates made.
The agreement between the two estimates of of= - g , 8,C in Section 4 (from the
geodynamo model and from the estimated I and K:) gives some observational
support to the theory presented here. The proof of the theory from experiments
and/or from geophysical observations is highly desirable. The characteristic
frequency of the local turbulence lies in the decade interval. Therefore data about
the decade geomagnetic secular variations may be relevant. The influence of the
local turbulence on the torsional oscillations in the core and the associated decade
variations in the length of the day should be investigated in this connection.
In spite of all the uncertainties of the present theory, it can be safety conceded
that local turbulence is developed in the Earth’s core, and that this turbulence
produces a diffusivity which is highly anisotropic, has magnitude of roughly the
same order as q, and is strongly dependent on the magnetic field in the core.
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