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The dynamical properties of convection in rotating cylindrical annuli and spherical shells are
reviewed. Simple theoretical models and experimental simulations of planetary convection through
the use of the centrifugal force in the laboratory are emphasized. The model of columnar convection
in a cylindrical annulus not only serves as a guide to the dynamical properties of convection in
rotating sphere; it also is of interest as a basic physical system that exhibits several dynamical
properties in their most simple form. The generation of zonal mean flows is discussed in some detail
and examples of recent numerical computations are presented. The exploration of the parameter
space for the annulus model is not yet complete and the theoretical exploration of convection in
rotating spheres is still in the beginning phase. Quantitative comparisons with the observations of
the dynamics of planetary atmospheres will have to await the consideration in the models of the
effects of magnetic fields and the deviations from the Boussinesq approximation.

I. INTRODUCTION

The dynamics of rapidly rotating celestial bodies have
long fascinated observing astronomers and theoreticians. In
the eighteenth and nineteenth centuries the theory of the
equilibrium shapes of a rotating fluid globe and their bifurcations was one of the major subjects of mathematics and
famous mathematicians advanced the theory in order to contribute to the understanding of the origin of the major planets
and their satellites.' In the present century the observations
through space probes of detailed dynamical features in the
atmospheres of Jupiter and Saturn have rekindled the interest
in the dynamics of rapidly rotating fluid globes heated from
within. Laboratory experiments and numerical simulations
have provided valuable tools for an improved understanding
of buoyancy driven flows in rotating spherical fluid shells. In
this article we shall review some of the progress that has
been made and outline problems that remain to be tackled.
The dynamics of the thick atmospheres of the major
planets are dominated by the rapid rotation of the systems.
Not only are relative velocities smalI in comparison with the
rotational velocity of the planet, but, more importantly, the
vorticity of the velocity field is usually small in comparison
with the planetary angular velocity, i.e. the planetary atmosphere exhibits a state of low Rossby number. The TaylorProud man theorem describes the constraining effects of rotation most succinctly. It states that a nearly steady velocity
field of small amplitude of a nearly inviscid rotating fluid
must not depend on the coordinate in the direction of the axis
of rotation. For such a two-dimensional velocity field the
Coriolis force can be balanced entirely by the pressure gradient. Most of the dynamical phenomena of rotating fluids
can be understood in terms of deviations from this basic
balance, which is called the geostrophic balance in the meteorological context.
In the following we shall start with a short introduction
to the dynamics of rotating fluids in Sec. n and consider
some heuristic ideas about convection in rotating systems
together with some experimental observations in Sees. III
and IV. With this preparation we can make a first application
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to the problem of convection in the major planets in Sec. V.
In Sec. VI the model of convection in a rotating cylindrical
annulus will be discussed which exhibits most of the typical
features of convection in rotating spheres, but requires only
two instead of three spatial dimensions for its analysis. Thermal Rossby waves and their transition to the mean flow state
of convection will be analyzed in Secs. VII and VIII. Some
numerical computations of convection in annuli and spherical shells are described in Sees. IX and X. Applications to
the dynamics of the major planets also involve effects of
magnetic fields and numerous other effects which will have
to be taken into account for a quantitative theoretical description. At the present time only fragments of such a theory are
available and a number of puzzling features cannot yet be
explained as will be discussed in the last sections of the
paper.

II. DYNAMICS OF ROTATING FLUIDS

To an observer familiar with normal fluid motions in day
to day life the dynamics of rotating fluids will be surprising.
One of the expressions of the unusual properties of rotating
fluids is stated by the Taylor-Proudman theorem. This property can easily be derived from the Navier-Stokes equations
for the velocity vector v relative to a system rotating with the
angular velocity J1 in the direction of the unit vector k,

a
1
-v+v·Vv+2J1kxv=-Vp-V<I>+v'l7'v ,
at
p

(Ia)

V·v=O,

(Ib)

where v is the kinematic viscosity. For simplicity we have
assumed a constant density p such that the equation of continuity obtains the simple form (Ib). We also have assumed
that the forces acting on the fluid can be derived from the
potential <1>. One of these forces is the centrifugal force
which thus does not appear explicitly in Eq. (Ia). Since the
curl of the velocity field v is typically much smaller than J1
the operation of curl on to the left hand side of Eq. (Ia) only
affects the Coriolis force term,
© 1994 American Institute of Physics
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Rossby waves still satisfy approximately the basic geostrophic balance

a)

2!1kxv= - V 71",

(4)

where the right side includes all the gradient terms from Eq.
(1a). For flows obeying the Tayior-Proudman theorem (3),
relationship (4) is exactly valid, of course. In contrast to
most other wave phenomena, Rossby waves propagate in one
direction only, namely in the direction of the sense of rotation of the system whenever the height of the fluid decreases
with distance from the axis. Besides Rossby waves, inertial
waves represent another wave phenomenon in a rotating
fluid which is absent in a nomotating system. These are of
lesser importance for the topic of this paper and the interested reader is referred to monographs such as Greenspan '8
book2
111. CONVECTION IN ROTATING SPHERES AND
SPHERICAL SHELLS
FIG. 1. (a) Generation of cyclonic and anticyclonic vorticity in fluid columns thai arc displaced from their equilibrium position in a rotating system
with varying height in the direction of the axis of rotation. (b) Generation of
Rossby waves in a rotating fluid of varying height. The equatorial plane is
shown of a rotating fluid annulus with a cross section as skc!chcd in (a).

2!1Vx(kxv)=2!1kV ·v- 2!1k· Vv

(2)

in the case of steady motion. The curl of the right hand side
of (la) vanishes if viscous friction is negligible and if p
= const. Expression (2) thus must vanish which yields the
statement of the Taylor-Proudman theorem after Eq. (lb)
has been used,

k·Vv=O.

(3)

In the three-dimensional world it is difficult for fluid motions
to conform to the conditions of two-dimensionality demanded by condition (3). Thus some time dependence must
be expected when boundary conditions, for instance, require
deviations from two-dimensional motion. When the height in
the direction of k of the contained fluid varies as shown in
Fig. l(a), a fluid column is stretched or compressed depending on the direction of the radial displacement. Because of
conservation of mass the moment of inertia of the column is
changed which in turn requires the opposite change of its
angular velocity because of the conservation of angular momentum. The displaced column thus acquires a cyclonic or
anticyclonic motion relative to the rotating system. A sinusoidal displacement of fluid columns from their initial equilibrium position leads to the propagation of this displacement
in the form of a wave as indicated in Fig. l(b). When Fig.
1(a) is seen as the cross section of an annular region then
Fig. 1(b) provides a view of the equatorial plane. The motion
induced by the neighboring vortices leads to a shift of the
displacement pattern in the y-direction, i.e. a Rossby wave is
created. While this simple picture is not entirely complete
because we have neglected the action of the pressure gradient, it describes the basic dynamical ingredients of a most
Ubiquitous phenomenon in rotating systems, the Rossby
wave.

Thermal convection in the atmospheres of planets basically obeys the same dynamical equations as RayleighBenard convection in a laboratory fluid layer heated from
below. Instead of the temperature gradient in the experiment
only the superadia.batic part of the temperature gradient provides the driving force for convection in a planetary atmosphere. Of course, rotation has a major influence on large
scale motion. But these effects can also be modelled in the
laboratory as we shall discuss below; The action of the Coriolis force depends strongly on the angle between k and the
gravity vector g. At the poles where both vectors are parallel,
convection is strongly inhibited. Any vertical motion must
violate the Taylor-Proudman condition and effects of fricHon are required to overcome the constraint of rotation.
Small scale motions thus must be expected as indicated in
Fig.2.
On the other hand, convection rolls in the equatorial region can conform to the Taylor-Proudman condition relatively easily by aligning their axis with that of rotation as
shown in Fig. 3. Only the conditions at the ends of the rolls
require special consideration. When the end boundaries are
not parallel as in the case of Fig. 4 a Rossby wave like
dynamic must be expected. In fact, these annular configurati~n may be regard~d as a cylindrical section out of a full
rotating sphere. The asymptotic analysis' of the onset of convection in an internally heated self-gravitating fluid sphere
does indeed yield a cylindrical layer of convection columns
as shown in Fig. 5. The slight tilt of the columns is a consequence of the curvature of the boundaries as has been demonstrated in Ref. 5.

IV. LABORATORY EXPERIMENTS RELEVANT TO
CONVECTION IN PLANETS
From the theoretical considerations of convection columns in rotating spheres it is evident that the component of
gravity perpendicular to the axis of rotation is much more
important than the parallel component. Fortunately, the
former component can be readily modelled in laboratory experiments by employing the centrifugal force and by using a
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FIG. 3. Sketch of convection rolls in a layer heated from below and rotating
about a horizontal axis.

teorological literature. It causes a drift comparable, but opposite in sign, to the phase speed of the Rossby wave like
columnar motions that appear at the onset of convection.
This effect can only be avoided when a spherically symmet-

1V~kl
\t:Y

fie body force is employed in the micro gravity environment

of Spacelab. 9 Anothei way of minimizing the baiOclinity of
the basic state is to use the parabolic potential of the com-

2

bined fields of centrifugal force and laboratory gravity and to

T

restrict the experimental investigation to a half-sphere. That
latter restriction is quite permissible since the convection

(b)

FIG. 2. Sketch of two·dimcnsional (a) and three·dimensional (b) convection
in a layer heated from below and rotating about a vertical axis. Part (b) has
been redrawn after a similar figure in Ref. 3 in order to correct the impres·
sion that the spiralling motion is nearly horizontal.

problem appears to be symmetric with respect to the equatorial plane even in its turbulent state. The parabolic potential
can thus be adjusted optimally to the half-spherical isothermal surfaces and quantitative data can be obtained. 10

vertical axis of rotation. 7 Of course, the direction of the centrifugal force is opposite to that of gravity, but this difference
does not enter the problem. Since only the product of density
gradient and effective gravity determines the buoyancy, it
suffices to reverse the temperature gradient in the experiment. The linear dependence of the centrifugal force on the

1.n

=+=>

distance from the axis is actually rather helpful, since it cor-

responds to that of gravity of a homogeneous self-gravitating

sphere.
Initial experiments were done for the configuration of
the cylindrical annulus as shown in Fig. 4. The observationsS
have confirmed the theoretical ideas as is evident from the
photograph of Fig. 6. Although quantitative measurements
cannot be performed easily for a rotating experiment, agree-

ment with theoretical predictions was found to be good
within the experimental uncertainties.

The experiments for the spherical case are more difficult
to perform. The fact that the directions of effective gravity
and of the temperature gradient do not coincide gives rise to
a deviation of the basic state from solid body rotation. This
differential rotation is known as "thermal wind" in the me-

FIG. 4. Configuration of the rotating cylindrical annulus with convection
rolls driven by centrifugal buoyancy.
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FlG. 5. Sketch of the onset of convection in a rotating, uniformly heated
self-gravitating sphere (adapted from Refs. 4 and 6).

In spite of the difficulties in obtaining quantitative comparisons with the theoretical calculations, the experiments
demonstrate all the qualitative features expected of convection in rotating self-gravitating spheres. Besides exhibiting
the regular spaced columns at the onset of convection as
shown in Fig. 7, the experiments also demonstrate the tran-

FIG. 7. Convection induced by centrifugal buoyancy in a spherical fluid
shell rotating about a vertical axis. The inner (black) boundary is heated, the
outer boundary is cooled. For dctails on the experiment see Ref. 11.

sition to the chaotic column state at elevated Rayleigh numbers as shown in Fig. 8. It is remarkable that the perfect
alignment with the axis of rotation and the average size of
the columns in the direction perpendicular to the axis remain
unchanged even at very high Rayleigh numbers. Experimental studies of this kind are continuing because they provide
inspiration also for other problems such as the geodynamo
problem of the generation of the Earth's magnetic field by
convection in the liquid outer core of the Earth. 12 .!3
V. A SIMPLE MODEL OF CONVECTION IN DEEP
PLANETARY ATMOSPHERES

Based on the principles discussed so far it is tempting to
construct a simple heuristic model of convection in the deep
planetary atmospheres of the major planets. A basic property
of these atmospheres is that they are bounded from below by

FlO. 6. Convection in a rotating vertical cylindrical annulus cooled from the
inside and heated from the outside. The 'motions arc made visible by a
suspension of aluminum platelets thai align themselves with the shear. The
upper part shows convection in the presence of parallel horizontal boundaries while the lower shows convection with a smaller wavelength in the
presence of conical boundaries.

FIG. 8. The same experiment as in Fig. 7 is shown at the higher Rayleigh
number.
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FIG. 9. Convection in a rotating spherical shell corresponding to the Jovian
atmosphere.

the surface at which the transition from molecular hydrogen
to metallic hydrogen occurs. This surface acts nearly like a
nonpenetrable boundary because of the stabilizing effects of
the phase transition on the motion. We are thus forced to
consider the problem of convection in a rotating spherical
shell as shown in Fig. 9. Outside the cylindrical surface
touching the inner spherical boundary at its equator the columnar convection mode can be realized whil~ inside that
surface motion resembles the kind of convection realized
near the poles. In Fig. 9 five cylindrical layers of columnar
convection have been drawn because this figure was first
used to illustrate a model of convection in Jupiter.14 Since
this planet typically exhibits five zones and belts in each
hemisphere the asymptotic theory of Ref. 3 has been applied
in such a way that five convection layers fit into the equatorial region.
Already in 1975 when this simple model was first proposed it was realized that the zones and belts are rather secondary features associated with mean zonal flows which are
driven by the convection columns. This view was confirmed
when measurements of the azimuthally averaged velocity
field became available l5 through the Voyager observations.
The zonal flows shown in Fig. 10 exhibit rather strikingly the
north-south-coherence expected on the basis of the simple
model for latitudes less than the critical one which is of the
order of 45 0 • This value coincides with the transition from
band structure to a granular structure in the uppermost Jovian
atmosphere and also fits well with the value of a pressure of
about 3 Mbars which had been proposed for the transition
from molecular to metallic hydrogen. l7•18
Another prediction of the simple model was that the
band structure should reach to much higher latitudes on Saturn. Again, the Voyager observations have confirmed this
expectation and have also demonstrated that the north-south
correlation of mean zonal flows extends to rather high latitudes in accordance with the relatively small size of the metallic core of the planet. The detailed structure of the zonal
jets differs considerably on Jupiter and Saturn and some remarks on this point will be offered in Sec. XI.

FIG. to. Amplitude of the mean zonal velocity field at the cloud level of the
Jovian atmosphere redrawn after Refs. 15 and 16. Solid (dolted) lines correspond to the northern (southern) hemisphere. Voyager 1 (2) data are shown
on the left (right). The asymmetry between the two hemispheres around the
latitude of 20° is caused by the presence of the Great Red Spot.

VI. THE ANNULUS MODEL
It is evident from the preceding sections that thermal
convection in a rotating cylindrical annulus serves as the
simplest model for the understanding of buoyancy driven
motion in deep planetary atmospheres. Through the use of
conical end boundaries as shown in Fig. 4 all important dynamical features of convection in spheres and spherical
shells-at least as far as the equatorial region is concernedcan be understood through the consideration of the annulus
model. Moreover, in comparison to the sphere the dependence of the mathematical dependence on spatial coordinates
can be reduced by one and an extra symmetry can be utilized
in the small gap limit which we shall use. The annulus model
has thus become not only a valuable tool for understanding
spherical convection, but also has established itself as one of
the simple fluid systems in which basic problems of nonlinear dynamics can be explored most easily.
We consider the fluid filled annulus shown in Fig. 4 with
the temperatures TI and T2 kept constant on the cylindrical
walls. Keeping the laboratory application in mind we assume
that the temperature T2 at the outer wall is higher. For simplicity the laboratory gravity is neglected in comparison with
the centrifugal force such that the effective gravity points
radiaIly outward. Using the thickness D of the cylindrical
gap as length scale, D2/V as time scale and (T2- TI)p-1 as
scale of the temperature we obtain dimensionless equations
for the velocity vector v and the deviation 0 of the temperature from the static distribution,

(:1 +v.v) v+ZE-Ikxv= - V

'1T-

iR0 + V2v,

(Sa)

V·v=O,

(5b)

p(~ +V.V)0=-i'V+V 2 0,

(5c)

where the Rayleigh, Prandt!, and Ekman numbers are defined
by
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v

P=-

K'

v
E='W 2

(6)

and where the temperature dependence of the density

mation thus gives rise to the same term with

(7)

P=Po(1-y(T-To»
has been taken into account only in the gravity term;

K

de-

notes the thermal diffusivity and 7T is the dynamical pressure
as in relationship (4). Since we assume the small gap approximation we can introduce a Cartesian system of coordinates with the x-coordinate in the radial direction of the unit
vector i and the z-coordinate in the direction of k.

The boundary conditions at the rigid cylindrical walls
are given by

a

v·i=i· -v=0=O

ax

(8)

at

Alternatively stress-free boundaries can be assumed:

a'

v·i=i·-,v=0=O

ax

at

x=:±:!.

at

z= ::':L/2D

(10)

must be fulfilled where '10 denotes the tangent of the angle
of inclination of the conical boundaries.
In the limit of small Ekman numbers E only the pressure

a a

a

a

iJ)

a

P (-+- i/I- - - ~ 0+- i/I=!:J.,0,
at ay ax ax ay
ay

(13b)

VII. THERMAL ROSSBY WAVES

The problem posed by the linearized version of Eqs. (13)
can be easily solved when stress-free boundary conditions
are used. Starting with

1/1= 1/10= sin m 7T(X+ !-)exp{iay + iWot}

term can balance the Coriolis force. The dimensionless anal-

we obtain from the heat equation (13b)

0 0 = - iai/lo(Piwo+ m'7T'+ ( 2) -1

vo= - ~EVxk7T(X,y),

(11)

where the x,y-dependence of 7T remains unspecified. It will
be determined when smaller terms in Eqs. (5) are taken into
account. Solutions of the form (11) can satisfy the boundary
condition (10) in the limit '10= O. In order to obtain a solution in the case of a small but finite value 7]0 we write
v= V I/I(x,y,t) xk+ 'IoV,

(14a)

(14b)

and find that Eq. (13a) yields the algebraic relationship

(Piwo + a'+ m'7T')[ (iwo + m'7T'+ a')(m'7T'+ a 2)
+ia'l*]-Roa'=O.

(15)

Real and imaginary parts of this equation determine
wo,R o ,
(16a)

(12)

where we have allowed for a weak time dependence in anticipation of the Rossby wave like character of the convection flow. After inserting (12) into Eq. (Sa), taking the
z-component of the curl and averaging it over the interval
- L /2D '" z '" L/2D we obtain

iJ
a
a)
a
a a
( at + ay 1/1 ax - ax 1/1 By !:J.,i/I- '1* ay i/I

a

7]*

where a z-independent solution for 0 is consistent with the
boundary condition (10) in lowest order in '10' Equations
(13) together with the boundary condition (8) or (9) describe
the problem of columnar convection. In the special case
'1* = 0 the equations are identical to those describing twodimensional Rayleigh-Benard convection in a fluid layer
heated from below. But for finite '1* a number of new phenomena such as time dependence and a mean flow will be
introduced that are absent in a noorotating layer.

ogon of the geostrophic balance (4) is thus obtained which
can be satisfied by a solution of the form

=-R ay 0+!:J.~i/I,

f3 instead of

in Eq. (13a) except that we use y as azimuthal coordinate
instead of x.
The heat equation for 0 is given by

(9)

At the thermally insulating conical end boundaries the conditions
v·(k::': 'Ioi)= (k::': 'Ioi)·V0=O

the endpoints of the interval of integration. The effect of the
varying height is equivalent to the effect of the varying rotation parameter used in meteorology. The ,B-plane approxi-

(13a)

where we have neglected terms of the order '10 everywhere
except in the Coriolis force term assuming that the quantity

Ro= (m'7T'+ a')3 a- 2+ (

::~)' (m 27T'+ a') -I.
(16b)

Since the dispersion relation (16a) for Wo differs from that of
Rossby waves only through the appearance of the Prandtl
number P, the convection modes described by (14) have
been called thermal Rossby waves. The minimum value
R o, of the Rayleigh number beyond which the basic axisymmetric state is unstable is always reached for m = 1. For large
values of '1* the asymptotic relationships

Roc=3a:,
(17)

'I*=4D'Io/LE
will be of the order unity or larger in the applications of
interest. The operator !:J., denotes the two-dimensional Laplacian, !:J.2=a'/aX'+a'/ay'. The term with '1* in Eq.
(13a) arises from the application of the boundary condition at

are obtained indicating that the wave number
the ~-power of n and the frequency

We

Q

c

grows with

grows with ~-power.

A remarkable property of these expressions is the absence of
the number 7T, I.e. relationships (17) are independent of the
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I/Io=A sin 7r(x+t)sin a(y-ct)

10'

+B sin 27r(x+t)sin [a(y-ct)+xl

(19)

and introduce an expansion in powers of the amplitudes A ,B,

m=1

(20)
together with an analogous expansion for 0 such that 1/1,
represents terms of the order A 2, AB, and B2 and 1/12 represents terms of cubic order. An inhomogeneous equation for
1/1, is obtained when expression (19) and the analogous expression for 0 are inserted in the nonlinear terms of Eqs.
(13). Mter 1/1, and 0 , have been determined, the solvability
conditions for the equations for'I/I2,0 2 yield a system of
algebraic equations of the form l9

°

{R-R&I)- f,A 2-(J,+ g, +h,cos 2X

(21a)

+k, sin 2X)B2}A =0,
{R-Rb')- fzB2-(J,
10'

+h2 cos 2X+k2 sin 2X)A 2}B=0,

5

10'

+ g,

u

(21b)

{c+awbl)-d,A2_(el+rl cos 2X+s, sin 2X)B'}A=0,
(21c)

FIG. 11. The Rayleigh number Ro as a function of a for different values of
m in the ease [7/*PIO +P)]2=104,

{c+awb2)-d,B2_(e2+r, cos 2X+s, sin 2X)A2}B=0,
(21d)

where the coeffidents fm.drtt are given by

x-dependence and of the boundary conditions at x = ::!: t. This
property is the basic justification for the application of the
theory to the case of the sphere.4
Another consequence of the property that the asymptotic
expressions (17) are independent of the gap width is the fact
that they hold for modes (14) with different m. The relative
differences for the minimum values tend to zero for large
7J* as is evident when the terms of lower order are included,
R o,= 7J~3(3 + m27r27Jp213 + ... ),
7J*P

fi(1+P) .
(18)
We thus obtain a multiple bifurcation point in the limit
7Jp -'Jooo. If we do not insist on the wave number a'c corresponding to the minimum value of R o, we find many points
of double bifurcations as indicated by Fig. 11 where ihe reiationship (i6b) has been pioued ior m= 1,2,3,4. The
property that higher values of m may lead to lower values of
Ro than m = 1 under certain conditions gives a first indication for the preference of multilayer structures instead of
single layer as has been anticipated in the simple model
shown in Fig. 9 .

VIII. WEAKLY NONLINEAR THEORY

In order to investigate nonlinear properties of the thermal Rossby waves we start with the superposition of two
modes of the form (14)

fm

=

p 2a'(m 27r 2+ a')/8
(w~") P)'+ (m27r2+ (2)"

d =0
m

for m=1,2

and where R~n), w~,,) refer to the expressions (16) for
m = 1,2. Other coefficients in Eqs. (21) correspond to more
lengthy expressions and will not be given explicitly here.
Equations (21) represent a system of four nonlinear
equations for the unknowns A, B, c and X. Besides the pure
solutions,
A 2=(R-Rbl »/fI,

B=O,

c= - wb')/a,

(22a)

B 2=(R-Rb2»1f2,

A=O,

c=-wbl)/a,

(22b)

there are mixed solutions for which both amplitudes A, B do
not vanish. The dependence on R and the regions of stability
for these solutions are shown in Fig. 12. For the analysis of
the stability with respect to infinitesimal disturbances the
same equations (21) have been used with the addition of time
derivatiye terms for A and B on the right-hand sides.
The stable mixed solution bifurcating from the pure solution (22a) was first found in a numerical study'O of Eqs.
(13). The bifurcating solution has been called mean flow
solution in that paper because it is typically associated with a
strong zonal flow, In the weakly nonlinear limit considered
here the mean flow V is described by the y-average ;PI of
1/1,. By solving the y-averaged equation (12a) for ;PI we
obtain
V= -

-

a

ax 1/1, = 47r sin XABl} cos 3 7r(x + t) -
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FIG. 12. Pure mode amplitudes, AI" 81' and mixed mode amplitudes,
AI/"IBml, as function of R in the case P= I, 71*=2800. Dashed lines indicate
unstable solutions. In addition to the bifurcations shown there arc other
bifurcations described by the system (21) which arc not"shown, because they
do not correspond closely to the exact solutions of Eqs. (13).

which describes a zonal flow that is antisymmetric about the
midplane of the layer. Such a zonal flow is absent in the case
of the pure solutions (22) where a symmetric zonal flow of
higher order is given by a finite expression lP3. 21
There are actually two mean flow solutions because Eqs.
(21) determine only A 2 and S'. Solutions with both signs of
AB are thus possible which are mirror symmetric with respect to the midplane x = O. Which one of these solutions
will be realized physically depends on the initial conditions
unless the system exhibits some imperfections which break
the symmetry with respect to the midplane. A typical imperfection is a slight amount of curvature of the conical boundaries such that '7* in Eq. (13a) is replaced by

'7*(1 +ex).

(24)

A positive e corresponds to convex shape of the boundary
such as that in the case of a sphere. In this case the pure
solution (22a) obtains an admixture of the solution (22b)
such that AS>O.5 The solution with a prograde jet on the
side where the boundary is steeper is thus preferred corresponding to a zonal flow of the form (23) with cyclonic
shear. In the case of a hypothetical planet with concave instead of the usual convex potential surfaces we would expect
the generation of anticyclonic zonal flow corresponding to a
negative AS in expression (23). We also like to note, that
only minor quantitative changes in results must be expected
when '70 is no longer a small quantity but instead becomes of
order unity.19 This property is important for the application
to the spherical case, of course.

IX. NUMERICAL COMPUTATIONS
In order to follow the pure solutions and the mean flow
solutions into the strongly nonlinear regime it becomes necessary to do numerical calculations. It is convenient to use
the Galerkin method and to start with the representation

.0

2.0

=-___

-0.5 L ______

v
FIG. 13. An example of the mcan flow solution which is steady relative to
a frame of reference drifting with the speed c=5.99 in the pm,itivc
y-dircction. Isotherms and lines of constant strcamfunction if! arc shown on
the left side and profiles of the mean temperature and of the zonal flow Yare
shown on the right side. Equations (13) have been solved for R=8.5·104,
P=2.8, 7]*=2800, 0'=10.82 and stress-free boundary conditions (9) have
been applied.

if/= L: {a mn cos na(y-ct)
111,11

+ amn

sin na(y -ct)}gm(x)

(25)

and an analogous expression for 0. The complete system of
functions gm(x) is chosen such that the boundary conditions
(8) or (9) are satisfied. In the latter case trigonometric functions, gm(x)=sin mn(z+t), have been used;2o in the former
case the Chandrasekhar functions can be employed." After
the expressions for if/ and 0 have been introduced into Eqs.
(13) these equations are projected onto the set of expansion
functions which yields a system of algebraic equations for
the coefficients IIIIP etc. After a suitable truncation the nonlinear algebraic equations can be solved numerical1y yielding
the equivalent of the pure solutions and the mean flow solutions discussed in the previous section. An example of the
latter is shown in Fig. 13 which demonstrates the strong
mean flow and the near suppression of anticyclonic vortices.
Through the position of the infinitesimal disturbances
the stability of the stationary drifting solutions of the form
(25) can be analyzed. For PrandtJ numbers of the order unity
the mean flow solutions are typically replaced by vacillating
solutions, for which the ansatz (25) must be generalized
through the admission of time dependent coefficients
amn(t), amn(t), etc. Instead of nonlinear algebraic equations, differential equations in time must then be integrated.
There is not enough space here to discuss the various dynamical phenomena including the transition to chaotic convection that have been studied with this numerical approach.
We only present the results shown in Fig. 14 as an example.
The case of curved conical boundaries has been used for
which '7* in Eq. (13a) is replaced by (24) with e= 1. The
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FIG. 15. Model of annular convection layers for the description of the
Jovian dynamics after Ref. 24. The average rate of rotation is the same for
all layers.

FIG, 14. Time dependent convection in the form of the double column layer
after Ref. 22, Lines of constant streamfunction are plaited at equal time
intervals L\.t=2.8·10- 3 from top 10 bottom. On the right side the y-average
of the streamfunetion has been substracted in order to demonstrate the separation in two sublayers of convection columns with different wave numbers
and different drift speed. The reference frame has been chosen such that the
inner convection columns (with c= 15,73) remain fixed in position.
R=2·105, 17*=104 , P=I, E=l have been chosen as parameters. For the
mean flow periodic boundary conditions have been imposed in contrast to
the stress-free condition used in Fig, 13 in order to mimic the situation of the
Jovian atmosphere.

convection motion has separated into two rows of columns
each propagating at its own speed as can be seen clearly in
the right part of the figure where the mean part ~ of the
stream function has been_subtracted. From the left part of the
figure it is evident that if; is the dominant part of the streamfunction to the extent that anticyclonic eddies are swamped
by the cyclonic vorticity of the mean flow. Even stronger
mean flows have been found with a different numerical
scheme at higher Rayleigh numbers in the case e=O.23

X. ANALYSIS OF CONVECTION IN ROTATING
SPHERICAL SHELLS
The similarity of convection in rotating cylindrical annuli and in rotating spheres suggests a model of convection
in planetary atmospheres as shown in Fig. 15. The limited
radial extent of the convection columns that is evident from
the experimental visualizations as shown in Fig. 7 and from
the tendency towards breakup into sublayers indicated by the
results displayed in Fig. 14 leads to the proposal of a set of

cylindrical layers each of which can be treated separately in
first approximation. In the original analysis of this problem 24
the mean zonal flows have been obtained in a weakly nonlinear theory as a result of the curvature of the spherical
boundary, Since the more recent discovery of the transition
to the mean flow solution it has become evident that an even
more powerful mechanism for the generation of mean zonal
flows exists for which the curvature effect just acts as a selection device, As the extensions of the numerical studies for
the annulus problem have shown,22,23 this mechanism persists in the vacillating and in the chaotic regime of convection.
Direct numerical simulations of nonlinear convection in
rotating self-gravitating spheres have been done for some
time,25-27 But because of the limited numerical resolution,
the range of Rayleigh and Ekman numbers that could be
covered was too restricted to obtain layered convection. Of
particular interest are the spiralling convection columns obtained for a Prandtl number P = 0.1 that exhibit a strong
zonal flow which exceeds the convection velocity by an order of magnitude, even at a Rayleigh number only 20%
above its critical value. 28 The steadily drifting convection
solutions are likely to be unstable. But the strong zonal flow
is likely to persist after transitions to vacillating and aperiodic convection. With the rapidly increasing computer capaeity it has recently become possible to do simulations for
Rayleigh numbers as high as 50 times the critical value and
for Ekman numbers as low as 6XlO- 5?' These simulations
exhibit cylindrical layering and zonal jets similar to those
sketched in Fig. 15. There are still unexpected differences
which are not yet fully understood as for example the increase of the amplitudes of zonal jets with increasing latitude
that disagrees with the analytical model 24 But there can be
no doubt that large scale numerical simulations have become
a powerful tool in analyzing the problem of convection in
planetary atmospheres. The interaction between analytical
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meridional circulation through Ekman suction. 33 But other
processes connected with the inhomogeneous absorption of
radiation may also be important.
Most prominent among the eddies in the Jovian atmo-

6
I

Equator '""Zone
-c-

North Pole

FIG. 16. Schematic diagram of the meridional plane of the stably stratified
upper part of the Jovian atmosphere above the convection zone after Ref.

sphere are the anticyclonic eddies corresponding to large
spots with the Great Red Spot as their principal example.
These eddies appear to be shallow features confined to the
stratospheric layer and seem to originate from the hydrodynamic instability of the zonal jets. Since they are not directly
connected with the subject of convection we shall not discuss
them in more detail. The cyclonic eddies of the Jovian atmosphere are less spectacular and typically smaller than the
anticyclonic ones. Often they appear to be connected with
deep features of the atmosphere which may indicate a con-

vection origin.

31.

models and the extension of numerical simulations into a

wide regime of the parameter space is likely to lead to a
rapid progress in the theoreticai understanding of the problem.
Xl. PLANETARY APPLICATIONS

The theory of convection in rapidly rotating systems out-

From the

computations of columnar

convection,20,22 we expect to see cyclonic eddies such as
those shown in Fig. 13. There are indeed several types of

cyclonic eddies visible in Voyager photographs. The brown
barges in the north-equatorial belt are probably the best indicators of convection since the absence of an upper cloud
deck at the position of these features permits a deeper view
into the atmosphere than elsewhere. The oscillations that
have been observed in one of the barge regions34 could be
related to the vaci!1ations that are a typical property of convection in rotating annuli 20 and spherical shells. 35 The strong
time dependence of convection columns as exhibited by the

lined in the preceding sections has emphasized the basic dynamical mechanisms. Because it seemed to be important to
first understand the various nonlinear features of finite amplitude convection, less effort has been devoted to the construction of realistic models of deep atmospheres of the giant
planets. The fact that the Boussinesq approximation is not

numerical simulations based on the annulus model,22,23 may
be the basic reason for the short lifetime of most cyclonic
eddies observed on jupiter.36
A puzzling feature of the Jovian atmosphere is the dif-

valid in the deep atmospheres where the density varies over

ferent appearance of eddies in the northern and southern

several scale heights should be taken into account and the

hemisphere in spite of the strong symmetry of the zonally
averaged properties. The brown barges, for instance, are only
seen at northern latitudes while the white cyclonic spots
seem to be a typical feature of the southern hemisphere. Obviously the interactions of the turbulent dynamics with trace
constituents responsible for the formation of clouds are complex and not yet well understood.
A challenging problem from the dynamical point of view

effects of the transition from convective to radiative transport
of heat in the upper atmosphere must be considered. A rough
estimate of the influence of varying density indicates an am-

,,*

plification of the term with
in the equation of motion. 19 A
second difficulty of a comparison between theory and observations arises from the fact that only the stable stratified
uppermost parts of the atmosphere of the giant planets can be
seen in visible light. The tropopause as the boundary between the convectively unstable and the convectively stable
parts of the atmosphere does not impede the continuation of
the horizontal zonal motions. But it certainly restricts the
vertical component of the velocity field to the deeper region.
Different dynamical processes operate in the stably
stratified stratosphere. The zonal jets that are driven by co-

Jupiter and Saturn. The stronger magnetic field and the lower
magnetic diffusivity of the Jovian atmosphere seem to be
responsible for its much lower equatorial acceleration. While
the latitudinal gradients of the jets do not differ very much
on the two planets, eastward and westward flows alternate on
Jupiter such that we were forced to assume that the mean

lumnar convection motion in the deeper region become hy-

value of rotation in each of the cylindrical convection layers

drodynamically unstable in the stratosphere where the driving mechanism no longer exists. As a consequence their
amplitude decays with height as has been determined from
observations in the Jovian atmosphere. 3o The corresponding
iatiiudinai temperature variations appear to satisfy the thermal wind balance as indicated in Fig. 16. That zones are
colder than belts disagrees with the traditional view,32 but
seems to be in agreement with observations 30 A slight meridional circulation of the form indicated in the figure must
be expected from the property that the vertical stress exerted
by the z-dependence of the zonal flows induces an Ekman
layer at the top of the atmosphere which in turn generates the

of Fig. 15 remains approximately constant. The zonal flow

is the explanation of the characteristic differences between

with cyclonic vorticity generated by convection thus alternates with zonal flow of anticyclonic vorticity in the transi-

tion region between two cylindrical convection layers. In the
CaSe of Saturn, on the other hand, the differential cyclonic

rotation generated by each cylindrical convection layer
seems to be added to that of the next inner layer leading to
the characteristic shoulders in the Saturnian differential rotation profile. 37 We tend to interpret this latter behavior as the
normal situation in the absence of significant hydromagnetic
effects. The much stronger Lorentz forces in the case of Ju-

piter counteract the shearing effect of a large scale differen-
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tial rotation. But they do not appear to be strong enough to
suppress the differential rotation on the small scale of the
thickness of a convection layer. In this respect we disagree
with the proposal of Kirk and Stevenson 3S who claim that the
size of equatorial jets can be determined solely on the basis

The fascinating regularity of features seen in the atmospheres of the major planets will continue to stimulate research on convection in rotating systems. The nearly twodimensional nature of motions is certainly responsible for the
high degree of order in the turbulent states of the atmo-

of hydro magnetic effects. These authors assume a much

spheres of rapidly rotating planets. There is hope that the

lower eddy viscosity than seems to be necessary to explain
the size of the planetary convection columns on the basis of
the linear theory l4 discussed in Sec. VI. Since the eddy viscosity is supposed to mimic the momentum advection effects
of smaller size eddies than those considered in the analysis, it
is usually not appropriate to estimate its magnitude from the
dissipation of mechanical energy.
The analysis of convection in rotating annuli and spherical shells in the presence of magnetic fields leads to a number of new phenomena. New types of convection with a
much lower value of the azimuthal wave number become
possible,39-41 and the preferred mode of convection may no
longer correspond to m ~ 1 as in the case of Fig. 11.42 Be-

asymptotic properties of this type of thermal turbulence can
be more readily understood than in the nonrotating case.

cause the parameter space becomes enlarged through the
consideration of hydromagnetic effects no systematic exploration of the nonlinear hydromagnetic problem of convection
in rotating fluids has yet been undertaken.

XlI. CONCLUSION
A main goal of this paper has been to present the problem of convection in a rotating cylindrical annulus as an
interesting dynamical system with some unusuai features on
the one hand and as the prototype for the more complicated
dynamics in rotating self-gravitating spheres on the other
hand. The two-dimensionality that is imposed through the
action of the eoriolis force on the motions in rapidly rotating
fluids is exhibited most clearly through the geometrical configuration of the narrow gap cylindrical annulus. In spite of
their simplicity the two-dimensional equations describe a
rich variety of dynamical phenomena only a small fraction of
which could be discussed in this paper. The high degree of
symmetry of these equations allows the identification of several phenomena as properties of symmetry breaking bifurcations. The generation of strong asymmetric zonal flows
through the transition to the mean flow solution is an important exampie.
The problem of convection in spherical shells involves
the dependence on one additional coordinate and the loss of
a symmetry. But there are still numerous possibilities for
symmetry breaking bifurcations as, for example, in the transition to vacillating convection and to aperiodic time dependence. The parameter space of the problem has only partially
been investigated and new dynamical phenomena are likely
to be discovered in future studies.
The main advantage of the theory outlined in this paper
is its internal consistency and the fact that there is no basic
disagreement with the observations. Other attempts of explaining the band structure either rely on a latitudinal temperature gradient43 which is not observed or depend on the
•
•
••
•• dd
•••
dynamICS at a thIn atmosphenc Jayer' . WhICh hardly can be
reconciled with the presence of a large equatorial zonal jet,
especially not in the case of Saturn. 45
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