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BIFURCATION AND STABILITY OF CONVECTIVE FLOWS IN A
ROTATING OR NOT ROTATING SPHERICAL SHELL*
PASCAL CHOSSATt

Abstract. In this paper bifurcation theory and group theoretical methods are applied to the analysis of
the stationary convection of a fluid filling a spherical shell which is rotating (or not rotating) about an axis with
a constant angular speed. In the case with rotation, an analytical relation is found between the Rayleigh
number and the Taylor number, for which a transcritical branch of stationary and axisymmetric (about the

axis of rotation) solutions occur. At fixed Taylor number, these solutions are stable supercritically. When the
shell doesn't rotate, a two-parameter family of axisymmetric solutions is found to bifurcate supercritically,
these solutions being deduced one from the other by a simple rotation. Under an assumption on the sign of a
certain coefficient, these solutions are "orbitally stable."

1. Introduction. The convection of a fluid in a spherical shell is important in
Geophysics and Astrophysics, specially in the plate tectonics theory (convection in the
Earth's mantle [15]) or in the study of convective layers in stars [2]. It may also explain
the existence of the Earth's magnetic field by the "dynamo" effect of the motion of

electrically conductive materials in the Earth's core [14].
Consider a viscous incompressible fluid filling a domain D bounded by two
concentric spheres of radius R1 < R2 respectively, and rotating with a constant angular
velocity fl around an axis Oz (Fig. 1).
z

x

FIGURE 1

The gravity field in D is expressed as g(r)r, where r is the radial vector and

g(r) = (-y1/r3) + y2, yi and 'Y2 being nonnegative constants. yj = 0 means that the flu
D has the same density as the material inside the inner sphere, while '2 = 0 is a limit c
corresponding, for example, to a thin shell and fluid density negligible in comparison
with the density of the material inside the inner sphere.
Let us assume that, in the absence of motion in the rotating frame, there exists a
temperature gradient due to a certain distribution of heat sources in D and to a uniform
temperature of the inner sphere.
For this equilibrium state of relative rest, the temperature gradient takes the form

VT = 3(r)r, where 3(r) = :ll/r3 +132, 1 and 2 being nonnegative constants (1i=0
corresponding to the absence of heat sources on the inner sphere).
* Received by the editors October 10, 1978.

t I.M.S.P., Universite de Nice, Parc Valrose, 06034 Nice, France.
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This equilibrium state is stable when the difference of temperature across D is

sufficiently small, but when the temperature gradient exceeds a certain critical value,
the stability is broken and a convective motion starts.

It is well known (though never proven) that, when the spheres do not rotate; the
complexity of the flow increases as the thickness of the shell diminishes. The increase in
flow complexity is apparently due to symmetry breaking bifurcations.
This problem was recently investigated by Busse [3], who described some possible
cases of flow structure.

In a previous work, the author [5] studied, using the bifurcation theory, the
appearance and the stability of stationary and periodic flows in the case of a slowly

rotating shell and when the ratio ,q = R1/R2 0.3. It was also assumed, that solutions
were invariant under rotations of angle ir about the axis of rotation oz. The stationary
flow was found to be slightly transcritical and its stability depended on the sign of a
certain coefficient. In this paper the invariance properties of the equations by the
rotations in R3 (when Ql = 0) and by rotations about the axis oz (when l $ 0) are used to
calculate stationary bifurcation both in the rotating and the nonrotating cases, with no
special assumption about symmetries of the solutions. It is shown that the axisymmetric
solution found for l $ 0 is unique, its stability depending on the sign of two coefficients
(if this condition is not verified, another kind of stable bifurcation, such as the Hopf

bifurcation, may occur). When Ql= 0, it is shown that all the solutions appear supercritically, are axisymmetric, and deducible one from the other by a simple rotation. This
is not an obvious result, although it can be found rather easily for the main part of the
solution (see [3] for a special case). Hence we have a two-parameter family of solutions,
and it is shown that, under an assumption about the sign of a coefficient, this family is
"orbitally stable."
2. The equations.

2.1. The mathematical model. In order to establish the equations for a pertur-

bation (u, 0) (u speed, 0 temperature) of the basic flow defined in the introduction, we
use the Boussinesq approximation. Chandrasekhar [4] gave the detail of the mathematical formulation of this problem.

We obtain dimensionless equations as in [5], by taking R2 as scale of length, which
implies that now the domain D is bounded by two concentric spheres of radius

q = R1/R2 and 1. In order to get the linearized part of the equations selfadjoint
Ql = 0), we consider only the cases =1 = 0 or 132 = Y2= 0 for the gravitational f
and the gradient of temperature in the basic state, and we combine these two cases by
setting

(2.1)

r(r)

1or-3,

r

r

E[1].

Then the dimensionless equations are
au

-= -VP + Au + Ar(r)Or + Eu x k - u Vu,
at

(2.2) de = p,- 1 (AO +Ar(r)u * r)-u u V@,

(2.2) ~~~at r

V u=0

where k is the unit vector along the axis of rotation oz and r is th
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The three parameters A, e and P, are nonnegative and respectively the square root
of the Rayleigh number, the Taylor number (which is characteristic of the rotation and
proportional to the angular velocity fQ) and the Prandtl number (which will be
considered as a constant in the following).

We consider two kinds of boundary conditions for u:

(2.3) u 0 on aD (rigid surface),
or

(2.4) u n-0 and [(Vu + tVu)n] X n=0 on aD (free surface),
where n is the normal exterior vector.
The condition (2.4) expresses the absence of tangential stresses on aD. It can also
be written, in spherical coordinates,

(2.4)' a ( ) a ( =0 atr= andU1.

ar r -r

For 0 the boundary condition is

(2.5)

O

0

on

aD.

2.2. The spaces and the operators. We want to put the above problem in the form

of an evolution equation in a suitable Hilbert space H, such that it satisfies the classical
assumptions for the bifurcation and stability analysis [7]. Here we shall give the
definition and the behavior of the operators without proof, since it is classical or it has
already been stated in [5].

Let H be the adherence in (L2(D))4 of the set of C'-vector fields z = (u, 0) define
in D, such that V u =0 and u * n OaD = 0. H is a Hilbert space with the scalar produc

(2.6) (z4 6) u v dx +Pr J T0Tdx,
where z = (u, 0) and 5 = (v, T).
Let also 2 be the space of the (u, 0) e Hn (H2(D))4 verifying the boundary
conditions (2.3) or (2.4') for u and (2.5) for 0. We note ir the orthogonal projection on
H in (L2(D))4. The elements of the orthogonal subspace to H in (L2(D))4 have the form

(VWp, 0), where Sp E H'(D).
Then we can define the operators A of domain 2 in H, B and C bounded in H,
corresponding to the linear part of the equations (2.2), by

(2.7) z E 2, Az = -rT(Au, P,1 AO),
(2.8) Bz = -ir(r(r)0r, P7 1r(r)u r),
(2.9) Cz = -Ir(u x k, 0),
and we set

(2.10) ?A'= A +AB + EC.

The operator YA,: 3 C H -e H has a compact resolvant since the injection 2 e H
is compact. It defines a holomorphic family of type (A) with respect to the parameters A

and E, and it is classical that t -e e-'X-' defines an analytical semi-group for t > 0 [7].
When A is real (which we shall suppose since we are interested in real solutions), ,A,. is
selfadjoint (since A and B are selfadjoint), while C is skew-symmetric: C* = -C.
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For the nonlinear part of the equations (2.2), we define the operator M of domain
2 x 2 with values in H, by

(2.11) M(z, )=r(u Vv+v Vu, u VT+v VO)
which is bilinear and symmetric. Then the term corresponding to the nonlinear part of
(2.2) is M(z, z). It can be checked that there exist constants a E [0, 1) and -y such that

Ile S2A,tM(z)II2 _?yt aI|Z|I2 for t e (0, T], where T < ao(a = 3 with the boundary con
tion (2.3) and a = 2 with the boundary condition (2.4)') [7].
Now the equation (2.2) with boundary conditions (2.3) or (2.4)', (2.5), can be
written

(2.12) dz +A Ez +M(z) = O, z = (u, 0).
dt

For this evolution equation we have the following classical result [7]. We look for
solutions of (2.12) when both A and E vary. As it is well known, a necessary condition

for such a bifurcation is that, for some critical values Ao, Eo of the parameters, 0 is an
depending on z (O). This solution is analytical in 2 for t E (0, T).
In fact we are interested in this study, with the bifurcation of real stationary
solutions of (2.12) when both A and ? vary. As it is well known, a necessary condition

for such a bifurcation is that, for some critical values Ao, 80 of the parameters, 0 is an

eigenvalue of TAO,EO. Furthermore the possible "exchange" of stability between the 0
solution and the bifurcation solutions will depend on the behavior of the spectrum of

1A,E A in a neighborhood of Ao and ? in a neighborhood of 8o, at least if 0 is a simple
eigenvalue of YAO,EO [7]. Therefore the first step of this study will be the analysis of the
spectrum of 'A,EE In the next section we shall first show that for A and ? sufficiently

small, the spectrum of Yk,E lies entirely in the halfplane {z E C, Re z > O}. In this case, 0
is an exponentially stable solution of (2.12). Then, supposing ? = 0, we shall show that 0

is an eigenvalue of 'A0.0 for some Ao, with multiplicity increasing to 00 as the thickness of
the shell tends to 0. Therefore Ao will be a stationary bifurcation point in the case ? = 0,
with multiplicity > 1, and 0 will be an unstable solution for A > A 0 (but the analysis of the
stability of the bifurcated solutions will require a special analysis in ? 5). In the last step
of this section we will perturb the operator kAo0O by taking A close to Ao and ? close to 0
(this means that we consider a slowly rotating shell). In order to do the perturbation

analysis of the eigenvalue 0 of 'A,00, we shall fix its multiplicity by supposing ,q (ratio of
the radii R 1 and R2) close to 0.3 (which we state as representative for convection outside
of the Earth's core). In this case, 0 has the multiplicity 5. The case ,q = 0, for which 0 has
the multiplicity 3, was already studied in [1] (when Ql = 0).
Then we shall see that 0 splits to five simple eigenvalues of 'A,E one being real and
the other two pairs being complex conjugate, depending analytically on A and e(A E

V(A0), e E V(O)), and moving "to the left" as A increases (i.e. their real part decreases).
Finally we shall find a relation between A and E(A =A, (E)) for which 0 is a simple
eigenvalue of 5t>., the other eigenvalues remaining in the halfplane {z E C, Re z > O} if
two coefficients have a good sign. Under this assumption, the bifurcated solutions will

be stable for A >A,(E).
Finally we will have to compute, in ? 4, the bifurcated solutions.
3. The spectrum of 'A,E
3.1. Case where A and e are small.

LEMMA 1. In the case of rigid boundary conditions (2.3)-(2.5), the spectrum

o-(Y,k) is included in {z E C; Re z >O0} when A and 8 are small enough.
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It

is

easy

to

check,

sinc

eigenvalues), A is definite positive, and AB +8C is bounded. In the case of free
boundary conditions(2.4)'-(2.5) it is not so simple because it can be proved [5] that 0 is
an eigenvalue of A (and in fact of A+ AB whatever A), the remaining part of the
spectrum consisting of positive eigenvalues. Thus we need the following lemma. Let H
be the orthogonal subspace to ker A in H.

LEMMA 2. In the case of boundary conditions (2.4)'-(2.5) the study of the solutions

of (2.12) can be restricted to the space H without loss of generality, since if we take a

solution z(t)= w(t) + v(t), w(t)E H', v(t) e H, then ||w(t)||=IIw(O)II (the part of the
solution in H' doesn't affect the dynamical study).
Proof. It was shown in [5] that the kernel of A is 3-dimensional, an orthogonal

basis being, in spherical coordinates (u,, uo, u(c, 0)),
6o = (O, O, r sin 0, O),

(3.1) = (0, ir, -r cos 0, 0) ei',
5:i.

Let us write a solution of the evolution equation (2.12) on the form (3.2)

(3.2) z (t) = a (t)fo + b (t)61 + b(t)s1 + V(t),
V(t) being orthogonal to ker A. We shall show that a(t) = uo and |b(t)| = |b(O)|, which
proves the lemma.

(i) Vz E: @, z = (u, 0),

(3.3) GTA,OZ; 6t0) = (CZ; 6t0) = (M(Z, z); 60) = O.

The first scalar product is 0 since 40 E ker Y'A,O = ker 5'* ,o. For the se
it is sufficient to prove that 4o x k is a gradient of a function (D, since i
definitions of C,

(Cz, 60) = -(z; Cfo) VD*u dx=- DV*u dx+ (Du * n ds,
D

D

A~~~~D

and zeH implies V u=O and u nIaD=O. It is easy to check that 1D(r,0, p)=
(r2/2) sin2 0 is suitable. To prove the last equality of (3.3), note that

(M(z, z); o) = J(u * Vu) * fo dx = - (u * Vfo)u dx,
and therefore it is sufficient and easy to check that Vfo is a skew-symmetric matrix.
Now, if from (3.2) and (3.3), we compute the scalar product of the equation (2.12)

by 60, we get da/dt = 0, i.e. a(t) = a(0).
(ii) Vz E @,

(3.4) ('A,OZ, 61) = (M(z, z); 61) = 0,
by the same arguments as in (i).
Furthermore, it is not hard to verify (by eliminating the gradient part) that

(3.5)

Cei

=

261
2
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Computing the scalar product of (2.12) by fl, we get, from (3.
(3.6)

db

2

(

dt 2

)

which has the solution b(t) = b(O) e ?(i/2)t. Therefore lb
LEMMA 3. In H, and with the boundary conditions (2.4)'-(2.5),

o-G2('A) c {z E C; Re z > 0}.
Proof. Since in H the spectrum of A consists of positive eigenvalues, the proof is
the same as for Lemma 1.
Now we shall not make any difference between H and H, since there will be no
ambiguity.

3.2. The eigenvalue 0 of Yx,o. The equation to study is

(3.7)

kOZ

Since

=?0

Yk,o

is

invariant

by

th

(3.7) by using spherical coordinates and expending the components of z in series of
"generalized spherical functions" (this method is described in [6]). In spherical coor-

dinates, u = (u, uo, u,), and we set
U =-U ,-iUo,

(3.8)

U = U4p-1U6.

Then, writing the generalized spherical functions Tln (nP, 0, 'P2), 1 m, n
are the Euler angles of the rotations g E SO(3)), we have the following expansion

Ur = E ul(r) a alnT ('on p, ,O
1=0 n=-I 2

(3.9)

__

__

U= Y (l + 1) U(r) Y. TZ 1 n-p (, O),
1=1

n=-I

2

0 and P having the same expansion as ur (scalar fields). Thus the equation (3.7) reduces

to the ordinary differential system (see [5])
Di(ut - uT) =O (Dz=-1 d r2d 1(1 +1)

DI(u+ - 2Ul-)P = 0 t DI 2-- -u+u)
2

1

1

(3.10) ~~~ Illrr
rUt
2 l dr dAr r rE
r

(3.10) diuy
2 21(1+1)
a dPeud
Aro(r)ror
DIV,
= -2 VI
)ul
_-I V
=(i+U
r

r

D10i

du

dr r r

dr

=

-Ar(r)rui,

+2u

41(

+1)VI1

With boundary conditions which are ded

reduction to eliminate VI and PI, we fin
(3.11)

DI wI = AI(l + 1)r(r)01 (wi = rui),
D10 = -Ar(r)wi (1 =1, 2,. . .)
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and the boundary conditions become

(3.12) WI = W' = 0 and 01 = 0 at r = rB, 1 (rigid boundary),
or

(3.13) WI = Wit = 0 and 01 = 0 at r = rB, 1 (free boundary).
Now we transform this problem to a characteristic value problem for an integral

operator, by inverting r 2D2 and -r 2D. Let us define the integral operators G
1, 2) by

(3.14) GkIl = gkl(x, y)O(y)y 2r(y) dy,

where g1l(x, y) and g21(x, y) are the Green functions of -r2DI and

with boundary conditions 01 = 0 at r = rq, 1 for r2DI and (3.12) or (3.1
LEMMA 4. The study of the equation (3.7) reduces to the characteristic value
problem

(3.15) El = A21(l+ 1)G11o G2101 (1 = 1, 2,. . .).
We have now to distinguish the two cases of boundary conditions:

(i) Case of boundary conditions (3.12). In this case it is easy to check that the
operator G11 o G21 is oscillatory in the sense of Krein and Gantmacher (see [10] for

details). An oscillatory operator has all its characteristic values simple and positive:

0< A11 <A21 < * In (3.1 5), the smallest value A11 of A (at l fixed) corresponds t
All.
(ii) Boundary conditions (3.13). We want to apply the theory in which operators
leave invariant a cone of functions [13]. Let K be the cone of nonnegative continuous

functions on [ri, 1]. A linear operator A is "uo-positive" if there exists a function
uo e K - {0} and n e N-{0} such that, whatever u eK-{0}, there exist a and p E R+-{0}
such that

auo A u _ 3u0.

It has been proven in [13] that if a completely continuous operator is uo-posit
simple positive characteristic value which is smaller than the absolute value of all the

other characteristic values. Under the assumption that G21 leaves the cone K invariant,

it was shown in [5] that G11 o G21 is uo-positive. The above conjecture was numerically
verified for some values of l and 71, but it couldn't be proved analytically. We call A1 1 the
smallest positive characteristic value (1 fixed) of G11 o G21, to which corresponds the
value A11 of A. The following lemma, which was proved in [5] using integral estimates by
a method due to ludovich [9], gives the asymptotic behavior of A11 (in both cases of
boundary conditions) when 1 varies.
LEMMA 5. A1 -+ao when l-*oo orl-0.

The consequence of this lemma is that there exists a smallest value lo of 1, 0
such that A 110 is the smallest value of A11, 1 = 1, 2, . . . (Fig. 2). We call this value

the smallest values of A such that Yk,o is not invertible in H. The corresponding
of 1 depends on r1. The following lemma gives the behavior of l0 as r1 tends to 1
LEMMA 6. lo0- oo when 77 - 1.
Proof. The proof is in Appendix A.
From the expansion of the eigenvectors by using the generalized spherical
functions and the fact that the characteristic value A110 of (3.1 5) is simple, the dimen
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Ak.1

Ak110

0

10
FIGURE 2

of the eigenspace ker Yk0c) is equal to 210+1, an orthogonal basis cons

vectors

5k = (uI(r)Tok( -p, 0, O), 1(1 + 1) Vi(r)TIk(2- P, o, O), 11(1 + 1)
(3.16)

V1(r)T1 Ik( --4, ), 0), EI(r)TOk( --p, 0, 0)) (k = -1, .* 1).
O is a semi-simple eigenvalue of ?ko. (since it is a selfadjoint operator) and consequently

its multiplicity is equal to the dimension of kerY OO We state these results in the
following theorem:

THEOREM 1. There exists a value Ao > 0 such that 0 E o-(Y(2'A) and whateverA < Ao,

o(k,O) c {Z E C; Re z > 0}. dim ker ?7ko.) = 21o +1 where lo is defined by Fig. 2.
Furthermore, lo - oo when rq - 1. An orthogonal basis of ker ?7ko o is given by (3.16).
A numerical calculation (see at Fig. 4 the curves at the end of the paper) showed
that for r1 close enough to 0.3, lo = 2, so that dim ker ?,k c = 5. Now we shall consider
only this case. In spherical coordinates, an orthogonal (orthonormal after normalization) basis of ker Yko.0 is {4k}k=-2,...,2, where

to = (2u(r)(3 cos2 0 - 1), -3 V(r) sin 0 cos 0, 0, P3(r)(3 cos2 0 -1))
( 1 = Vi(u(r) sin 0 cos 0, - V(r)(2 cos2 0- 1), iV(r) cos 0, 0(r) sin 0 cos 0) e"@,

62= 2/k(2u(r) sin2 0, - V(r) sin 0 cos 0, -iV(r) sin 0, 29(r) sin2 0) e

6-=4 and 6-2= 2.
3.3. Perturbation analysis. We want to study what happens to the eigenvalue 0 of

Xko.W when perturbing it by taking A E V(Ao) and e E V(0):

(3.18) Yk,e = 2ko.0 + (A -A o)B + eC.

We generalize here the classical case with one parameter [12].
projection commutating with YA ? and associated to the decomposition of the spectrum

o-(Y,k,) = r' U or", where cr' is the part proceding of the perturbation 0 E 0o '.).

(3.19) P? = Po+ (A -A0)P1 + eP2+ O(A-A0 +)2,

where P0 is the orthogonal projection on ker YkSo. (since 0 is sem
(3.20)

P1 = -PoBS - SBPo,
P2 = -PoCS - SCPo,

S being the "pseudo-inverse" of ?ko.' in H: SkO.0 c ko.OS = IH - Po. Then the
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perturbated eigenvalues we seek are the eigenvalues of PA,6A,PA,, which operates in

the 5-dimensional space Pk,?H. Therefore the problem is to find the roots of

(3.21) det (PA, (Yk,, -? )Pk,?) = 0,

but, since Po is an isomorphism from Pk,6H to PoH, an equiv
roots of

(3.22) det (POPA,,Yk', - o-)Pk,,Po) = 0.
The interest of this remark is that we know a basis of PoH (see (3.17)).
From (3.19) it is clear that, for A E V(Ao) and e E V(O), POPA ?PO is invertible. Since
POP1Po = PoP2Po = 0 (from (3.20)),

(3.23) (POPA?PO) P = IdPoH + O(|A- Ao| + Ie 1)
The problem is finally reduced to solve the equation

(3.24) det [(PoPk,,Po) POPk,,Yk,?PA - o-Po] = 0.

LEMMA 7. &k,, = (PoPk,,Po)F'POPk,,5k6Pk,?Po is a diagonal matrix in t
(3.17).

Proof. The operator sd9 is invariant by the subgroup G of SO(3) (rotation in R

consisting of the rotations about the axis oz (see Fig. 1). This means that if Tg, g E G, is a

representation of G in PoH (which is invariant by G, and in fact SO(3), by con-

struction), T,sdk,6 = &k,eTg. But in the basis (3.17), which is the canonical basis of t

representation of SO(3) in PoH (this is easily checked), the matrices Tg are diagonal, of
the form (8mn e1mw)mn(-2 _ m, n _ 2). Hence the lemma.

It follows that the eigenvalues of Pk,,Yk,?PA ? are elements of the matrix SA,? in th
basis (3.17). Remark that it implies the analyticity of these eigenvalues in A and e.

THEOREM 2. Under a perturbation of Yko O by A E V(Ao) and e E V(O), the eige

value 0 splits into 5 simple eigenvalues of Yk,, , which are analytic in A and e. They hav
the following form:

o-o(A, e) = (A -Ao)a + (A -Ao)2'+ 8 2yo+ O(|A_-Ao + le )3 E R,

o-,(A, s) = (A -Ao)a +esiI3 +(A -Ao)2a'+e2'yl +(A -Ao)e81 +O(|A -AO +I)3,
(3.25) o--(A, e) = J,(A, e),
0-2(A, e) = (A -Ao)a + 2sij3 + (A -Ao)2 a'+ e 2y2 +(A -Ao)e862
+ O(A -Ao| + IS 1)3,
o-2(A, e) = J2(A, e),

where a <0, a', 3 E R, TO, TY, 72>O, 81, 82E iR.
Proof. (i) We want to find the terms of the development of d, up to the order 2
(in A -Ao and e). From (3.18) and (3.18), we get
POPA,k,,A,?PA,kPO

= (A -A o)PoBPo + sPoCPo

(3.26) + (A -A 0)2(PoPlBPo + PoBPlPo + POP1540,0P1PO)
+ e2(PoP2 CPo + PoCp2po + POP25400P2P0) + (A- Ao)e

* (PoCPlPo +popl CPo +PoP2BPo +PoBp2po) + O(A -Aol + Ie 1)3.

By (3.23), it is clear that up the order 2, the coefficients of ax,, are the coefficients of
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PoPA,k,Yk,PA?,Po. By using (3.20) and after calculation
(3.27) POPA,eSTAk,ePA,ePO = (A - A o)PoBPo + ePoCPo - (A - A 0)2PoBSBPO _ L2POCSCPO

- 2(A - Ao)e (PoBSCPo + PoCSBPo) + O(IA - Ao1 + |? 1)3.
(ii) In order to compute these coefficients, first note the following: 54,o is invariant
by the group of rotations S0(3) (classical property). On the other hand, the represen-

tations g -+ Tg, g E S0(3), in POH, are irreducible (by construction). Therefore, by the
Schur's lemma [16],

(3.28) POPA,O'A,OPA,OPO = o-(A )Idp0H,
which implies that the seeked perturbated eigenvalues have the same dependence in

A -Ao when e = 0.

(iii) PO is the orthogonal projection on kerSTAo, and hence
2

(3.29) Poz = E (Z; 6k
k=-2

where ek is the basis (3.17). It follows that o-O(A, E) E R,
o_2(A, e) = 6-2(A, e). Since B and the pseudo-inverse S are selfadjoint, and C is

skew-symmetric it is not difficult to check (using (3.29)) that the terms where E has an
even power are real, and the terms where E has an odd power are imaginary.

a = (Bek; 4k) < 0 since 5T'Oofk = (A + AOB)k = 0 and A is positive.
Y= -(CSCi; 4i) = (SC4i; C4i) (i = 0, 1, 2), which is positive by the following
lemma [12] applied to S:

LEMMA 8. Let L be a selfadjoint operator in H, with spectrum a(L)-i ?; then
(Lu; U) H |IuIIH whenever u E D (domain of L in H).
(iv) To finish the proof, we have to compute the coefficients of E, which are

(C4k; 4k) (k = -2, * * *, 2). This can be done directly because we know explicity the b

(3.17). We find (Ceo; eo) = 0, (Cel; {l) = i,3, (C62; 42) = 2i4, with
4I7T ( 2

(3.30) 13=-I I +V 2(r) r2dr.
Now we can find a relation between A and e such that 0 is a simple eigenvalue of

7AE(E 0 0):
COROLLARY TO THEOREM 2. There exists a relation of the form

(3.31) A = AC(E) = AO + ke2 + O(IE 14) (k = -a1 lyo)
such that 0 is a simple eigenvalue of k'Ac(, (e $ 0). If yo - Dy, and To -

positive, the remaining part of the spectrum of SAC?) is in the half-plane {z E C;

Proof. By doing ao(A, E) = 0, the first part of the corollary follows from th

function theorem. To get the second part, replace A by AC(E) in the expression of
oa (A, E) and o-2(A, E). Then, for E small enough, the real part of these eigenvalues will be
positive if their principle part has positive coefficients, hence the conditions To - Tl and
YO-T2>O.

Remark. By doing Re o-I(A, E) =0 or Re o2(A, E) = 0, we cou
relations between A and E such that YkA,E has two imaginary
(E 0), and corresponding conditions on the sign of certain coefficients such that the
remaining part of the spectrum be in the half-plane {z E C; Re z > 0}. Since a < 0, the
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eigenvalues move "to the left" when A increases through AC(E). Hence, when E # 0, we

are in the conditions of stability of the bifurcated stationary solution for A E V+(AC(E))

(right neighborhood of A, (e)).
4. The bifurcated solutions.
4.1. Bifurcation in presence of rotational symmetries. The equation to solve is

(4.1) YA,eZ + M(z, z) =O, z E= -9.

We know that, for e $ 0, (A, (E), E) is a stationary bifurca
But, since E is taken in a neighborhood of 0, we shall in fact split the equation (4.1), by

the Lyapunov-Schmidt method [7], using the eigenspace ker ykA,0 = PoH (recall that Po

is the orthogonal projection on ker ?1k.. in H). Hence, writing (4.1) as
(4.2) [Ao,oZ = N(A, E, Z),
where

(4.3) N(A, e, z)=-(A -Ao)Bz-eCz-M(z, z),

we get, since Y,A,e is a Fredholm operator of inde
(4.4) V= SN(A, E, u + V),
(4.5) PoN(A, E, u + V) = O,

where u = PoH and V = (I - PO)H (I = identity in H).
We can solve (4.4) (which is in (I - PO)H) with respect to V by the implicit function
theorem, and then, replacing V by V(A, e, u) in (4.5), we get the bifurcation equation in

the 5-dimensional space PoH. N(A, E, u + V(A, E, u)) is analytical with respect to A, E
and u.

From the expression (3.29) of Po, we can rewrite (4.5):

(4.6) F(k)(A, e, u) = (N(A, E, U + V(A, E, U)); 6k) = 0 (k = -2, ..., 2)
where {ek} is the basis (3.17), and since we look for real solutions, u can also be written

(4.7) u = ao6o + ale,1 - da61 + a2462 + d262 (ao E R).
Hence we get 5 euqations in the 5 unknowns ao, a1, di, a2, d2. In general this is very
difficult to solve, although some general results concerning specially the number of

bifurcated solutions at multiple eigenvalues were found (see [11] and [17]).

However, the fact that, in our problem, the high dimension of ker2A00 is a
consequence of the invariance of the operator Yk,o by the group of rotations SO(3) will
allow us to simplify considerably the bifurcation equations. The main problem is to

compute the coefficients of the equations (4.6). For this, we use a method which is
typical of the group representations theory [16] and was adapted to the bifurcation
problems by Sattinger in [18], to which we refer the reader for the theoritic and

computation-rule details. Suppose e = 0. Then, as it is well-known [1], the equation

(4.1) is invariant by the group of rotation SO(3). Furthermore, PoH is invariant by the
representations of SO(3), which are irreducible in this space by construction [16].
Finally, and also by construction, the basis (3.17) is "canonical" in the sense that it
satisfies the conditions

J3k = kek, I k =? -kek-1, ek = (_1)2k -k,

where 13k = 1(2 - k)(2 + k + 1) and J3, J1 are the complexified infinitesimal ge
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of the rotation group [16]. Now, let us expend the bifurcation equation with respect to
u:

(4.8) O = Ai(A)u +A2(A, u (2)) + A3(A, u (3))+***,
where Ak is k-linear and symmetric with respect to u. Then, from the properties stated

above, it is possible to compute each term in (4.8) by a simple algebraic rule, as
described in [18].
In the following lemma we give these computed terms up to the order 4 (since we
shall need it!). The components of u are written

[ao]
a,

a2
ad2

in the basis {10, el, 19, p2, 4 2}
LEMMA 9. (i) Al (A)= a (A)IpH;
(ii) A2(A, u (2)) = O(A -Ao02);

(iii) A3(A, u(3)) = y(A)pu2u, where by definition
2 1 2 +21a212=11u11,
IU1
22
=ao+21a2

(iv) A4(A, u(4)) = 8(A)p(u)u +8'(A)A4(u(4)), where

p(u) = aO+ 3a0la12 -6aola22 + 2(a2 + a 1a2),

4 + 3a2 1a12 2 4aIa2I2 + 11aiI4 - 43a2I4 -_ 2aiI2Ia212) + 6a0da2 + 6a2a -

|A6aa(aO+ 3-a la -4 13la212 + 21a ja2l l a la2 + 64 a2al+ 10a2+61ao

A4(u()) = 6aoai(a A+3la,l2 13l2+2a aja2+6a 12412a|+ iOia1|a a2
V6aOa2(3-a 2 -1a212) + aOa2 + 6d1a2 2 + 2a12a1a2 + 8a1 a22

l6aoa2(321ai| - T3a212) + aoa + 6a12 + 2aIlail + 8alIa2I

The coefficients a(A), -y(A), 6(A) and 6'(A) are analytic in A and depend on the ph
conditions of the problem. We shall detail those which will be needed.
Proof. We don't give the detail of the computation of the terms of order 3 and 4. (i)
is a consequence of the Schur's lemma (see proof of Theorem 2).

(ii) is proved in Appendix B.
Remark. We assume in the following that 3'(0) $ O.
Now assume e $ 0. Because C is invariant by the group G of rotation about the axis

Oz (axis of rotation of the shell), the equation (4.1) is still invariant by this group, which
permits to state the

LEMMA 10. Expanding F(k)(A, E, u) in (4.6) with respect to u, the dependence of the
general term with respect to ao, a1, di, a2, a2 is of the form

aooalll a2 2 where vi- i +2(P2-Vi)=k.
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Proof. From (4.6), the coefficient of the general term is of the form

6H(, , o?), 6(t1, el(^,), 62^2)' g2 ); ek)
where the upper index of the 5t's indicates the number of times that it occurs in H, and H
is invariant by G. Then the lemma follows from the fact that, by the invariance property

of H and the form of the elements ei of the basis (3.17), the dependence in p (angle
about Oz) of H is of the form ei(vIvi+2v2-2)4

COROLLARY TO LEMMA 10. In the bifurcation equation (4.6), we can take a,
without loss of generality.

Proof. It is easy to check, by Lemma 10, that if we replace a, by a, e"" and a2 by
a2 e2i4i in (4.6), we still get a solution whatever qf. Hence we can choose / so that
a 1 e E R8. This corollary will be of great importance in the calculation of the solutions of
the bifurcation equations. We finally state a lemma which was proved in [5] (Annex 6).

LEMMA 11. Let us expand F (k)(A, ?, U) in (4.6) (k = -2, *.. , 2) with respect to e.
Then the terms where e has an even power (or is independent of E) are real. The other terms
are imaginary.

This lemma was proved by direct calculations and is not a consequence of the

invariance by rotation of the operators. We are now ready to start the calculation of the
bifurcated solutions of (4.1).

4.2. Bifurcated solutions when E # 0. What we shall prove is that necessarily

a, = a2 =0.
LEMMA 12. e $ 0 a1= 0.

Proof. (i) Consider the equation (4.6) (k = 1). From Lemma 10, vi - zj +

2(V2 - 42') = 1, so that Pi or v? is necessarily odd, and since we suppose a,1 e R
to Lemma 10), we can then put a, in factor in this equation. Using Lemma 3, it is not
difficult to check, by identification of the terms in the expansion of (4.6) (k = 1) in series
of A -Ao, e, ao, a1, ld, a2 and d2, that this equation takes the form

0 = a,[-(k-kAo)a - eiI3 + (O)A 2 + t5(o)p(U) + 8'(0)(V6(a3 + 28aoa 2_10 aola212)

(4.9) +2a2a2 +6a 2d2 + 4a21a212 + 10a 2a2) + 0(IA -A_o2 + A -A_0 le I + le 12
+ l? |A + |A-_k0A2l + Al)]
where a and 3 are the coefficients given in Theorem 2 (? 3), A (0), 8 (0) and 6'(0) are real (by

Lemma 11), and A = IIuII= a2+2a 2+2Ia2I2.

(ii) Now suppose a1 $ 0. Then, by the implicit function theorem, we can solve this

equation with respect to A -Ao and ?. Since p(u) is real (see Lemma 9), we get

A - A = a- 1 [^y(0)A2 + 3 (0)p (u ) +3 1 (0) (V6 (a 03+f 2O 21-al3?a2 12)

A ~~~~~~~~~~~
2)OG,U)].
A4
(4.10) ++Re a2(2ao
+ 16a2 + 41a212))+

For ?, note that the terms independent of - having real coefficients, they have an
imaginary part only if they contain a2 or a2, but then their imaginary part certainly

contains Im a2 (since Im (a') or Im (d') have Im a2 in factor, whatever p > 1). Therefore, ? has the form (after calculation of the principal part)

(4.11) E = Im a2[-28- +
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(iii) Now we replace A - A0 and e by their expressions (4.10) and (4.11) in the
equation (4.6) (k = 2), which is of the form

0 = -(A - Ao)a2a - 2iea2,+ + a2.2 y(0)+ a2P(U)8(0)

(4.12) + (6 a2(2aoa2 - 16aola212) + a2a2 +6a2a2 +2a4 + 8a2Ia2I2)8(0)
+ O(1| _A-A12,u +1 IA-AOl jSjtkM+j_j 2,u+ Ie |,u 2 +j IA-AOjtk3+t5).
After calculation we finally get

(4.13) 0 = 2(-2i Im a2a2-16 aoa2+a -2a2)+ O(, ).
This gives, after separation of real and imaginary part,

(4.14) 0 = ,ut2(4(Im a2)2- 2(Re a2)2 + a 1 -6 ao Re a2) + O(95)

(4.15) 0 = Im a2[-_tL2(16 ao+6 Re a2) + (A )].
In (4.15) we can put Im a2 in factor by the same argument than in (4.11). If Im a2 $ 0,
(4.15) gives

(4.16) Re a2 = ao + o (A 2).
16

Replacing this in (4.14) we get

(4.17) 0=, (3 +a +4(lma2

But the term in factor of ,t 2is certainly gr
and therefore the equation (4.17) has no nonzero solution. Hence we must have
Im a2 = 0, but, by (4.11) this implies e = 0, which contradicts the assumption, so that
necessary al = 0.

LEMMA 13. E $ 0 > a2 = 0
Proof. Since a, = 0, we can put a2 in factor in the equation (4.6) (k = 2). Suppose
a2 $ 0. Then, in the remaining part of the equation, it is not difficult to verify, using
Lemmas 10 and 11, that the terms independent of e are real. Therefore e can be put in
factor of the imaginary part of this equation:

(4.18) 0=e(2/+?O(IA-Ao?+IeSI,.t)).
But then if e $ 0, (4.18) has no solution (near 0). Hence, a2 = 0
Finally, we get a single equation (4.6) (k = 0), with a single unknown ao. ao can be
put in factor in this equation, and the solution ao = 0 corresponds to the trivial solution
of the equation (4.1). Cancelling this factor ao, (4.6) (k = 0) becomes (after calculation
of the first terms of identification):

(4.19) 0-(A-Ao)a-_e 2yo+aOy(o)+ O(IA-A0|2+ |-A ol+ e 3
+ |s12laol + lao13),

where Ryo is the coefficient given in Theorem 2. There is no term of order Sao since

its coefficient vanishes, as it is shown in Lemma 8. It is also shown in [5] that Tyo< 0.
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THEOREM

3.

When

E

#

0,

AC(E

point, the bifurcated solutions being given by

A -AC(E) = c- Iy(0)a 2+ aoO(IE I + laol)2 and zo = ao6o+aOO(EI + laol)
(see Fig. 3). This solution is axisymmetric, and ifyo - SY, and yo - T2 are positive, where yo,

y, and T2 are given in Theorem 2, it is stable for A E V+ (Ac(E)).
a0

a(

AA

FIGURE 3.

Proof of Theorem 3. By (4.19) and the implicit functions theorem, A -Ao=

-E2a -yo+aoa-1y(O)+ o(lel +laol)3 and since Ac(e) = Ao+e2a-yo+ O(lel4), we ge

the first formula of the theorem. ao is in factor in A - AC (E), due to the result for th
trivial solutions. Since a-yT(0) >0, the parabola of the Fig. 3 is oriented to the right
side, but the existence of a term of order e2ao in the expression of A - Ac (E), implies that
the bifurcation is transcritical (but almost supercritical since e is small). The solution is

axisymmetric because 60 is axisymmetric and is the only element of the basis (3.17)
occurring in the solution. The stability result was stated in the corollary of Theorem 2.
4.3. Bifurcated solutions when e = 0. The equation of bifurcation are (4.6) with
E = 0 (to which we will refer by the notation (4.6) (E = 0)).

Note that, doing al = a2 = 0, we get the axisymmetric solution zo of Theorem 3,
with e = 0. We write uo its projection on PoH (solution of (4.6) (E = 0)). Since the
equation (4.1) is invariant by the group of rotations SO(3) when e = 0, this axisymmetric solution gives rise to a 2-parameter family of solutions of (4.1), which are
obtained by rotation of zo (and hence are still axisymmetric). We shall show that all the
bifurcated solutions of (4.1) belong to this family.
For this, the idea will be to show, at first, that the principal part of the solution of

(4.6) (? = 0) can be deduced from the principal part of uo by a rotation, and then to show
that this property can be extended to the complete bifurcated solutions.

Let us consider the equation (4.6) (E = 0) (k = 1). As previously, after an eventual
rotation about the z-axis, we can assume a1 E lR and put it in factor in this equation.

Thus, we have to consider two cases: a, #0 and a, = 0.
(a) Case a,# 0.
LEMMA 14. a,1 E R= a2 E Ra. Then, if a1 #0 , the solution of (4.6) (e = 0) mustsatisfy

0 = -6 aoa2+ a 2-2a2+ QG(A3).
Proof. (i) ai E R=> a2 E Rl by the same argument as in the proof of Lemma 12.
(ii) Having done e = 0, equation (4.13) becomes, after calculation,

(4.20) 0 = A2(_ 16 aoa2 +a2 _-2a22) + 0 (A ),
hence the lemma.
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Now let us write u- = [d0oo + a- l(l + {1) + d2(62 + &I2 the princ

ao+ +222 = 1. By Lemma 14 we know that u- must satisfy
(4.21) 0 = -V6 aoa2 +a -2a2 (a 1 0).

LEMMA 15. If u satisfies (4.21), there exists a rot
spherical coordinates) such that iTgo = u- or -gTg$

defines the representation of SO(3) in PoH.
Proof. The proof is given in Appendix C.

In other words ii/A is always deducible from 40 by a rotation or a rotation and an
inversion, and therefore it is axisymmetric. g is only defined by two angles because 60

axisymmetric. Hence if we apply g-1 to u, it will be changed in

(4.22) Tg Iu = 4o +o (A),

which is still a solution of (4.6) (e = 0) by the invarianc
of SO(3). If we can show that the terms of higher order in (4.22) are uniquely

determined by A4o, then, because we know already the axisymmetric solutions, we

necessarily have g(,i) such that Tg -1()u = u0- P0zo. Since, by the Lyapounov-Sch
decomposition, u determines uniquely the bifurcated solution z, we will necessarily

have Tg-( ,)z = z0, and therefore z will be axisymmetric and deducible from z0 by a
rotation.

LEMMA 16. In (4.22), the terms of higher order are uniquely determined by the

principal part A4o.
Proof. We need the equation (4.6) (k = 0) (e = 0), which takes the form

0 = -(A -Ao)aoa +2 2aoy(0) + ao p(u)8(O) + (16 (a4+ 3a2a2-4a2a2

(4.23) + a _ 2aa2- _a2) + 12aoa 1 a2)8'(0)
+O(|A -A012A +IA -AOJpA3 +A5).

Cancelling a, in (4.3) (e = 0), multiplying it by ao and subtracti

(4.24) 0=3 2(a 2 a2 - 4aoa2(a 1 + a (5)
Combining (4.24) with (4.21), we can eliminate a, and obtain

(4.25) 0=2a3a2+O (5).
Now, by (4.22), we can pose ao =,u, a, =
Then (4.25) gives

(4.26) 0 = 2a2+ ?W,

So we can solve (4.26) with respect to a

(4.10), A -Ao is expressed as a function of (ao, a1, a2, ,). Using (4.26) and (4.20), it
follows that a1 is uniquely determined in function of ,u and is of order y. The fact that da
can take two different signs doesn't affect the result, since it corresponds only to a

rotation of angle ir around the z-axis of the whole solution u (see the Corollary of

Lemma 10). So we obtain a unique solution ao = ji, a1 =I a = (Iu3/2) a2=

/a2(/) = ,(2) A -Ao= O(A2)
(b) Case a, = o. Note that we may take a2 E R, after an eventual rotation
the z-axis (corollary to Lemma 10). Here also we shall show that all the solutions are
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prove the following lemma:

LEMMA 17. Let u- be the princial part of u, solution of (4.6) (e = 0) with a1 = 0 and
a2E1R. Then,

(i) There exist a rotation g of angles r = +ir/2, f = 0 or +,/2, such that gTg$To =u,
,u= IauII.

(ii) u is uniquely determined by u7.
Proof. Since a1 = 0, we can put a2 in factor in (4.6) (E = 0) (k = 2), and if a2 0 O we

solve it with respect to A - Ao, by the implicit function theorem. Replacing A - Ao by this
function of ao, a2 in (4.6) (e =0) (k = 0), we finally get

(4.27) =/6(a + a a'(0)+O
From (4.27) we get

(4.28)

a2

=

2ao+

o(jaoj2)

Hence it is clear that the principal part determines uniquely u, and (i) can be checked in
Appendix C. Now we can state

THEOREM 4. When e = 0, A0 is a stationary bifurcation point of (4.1). The bifurcated solutions occur supercritically and form a 2-parameter family z (A, r), r = ( E, ,) E
S2 (the sphere in R3).

z(A, 0) = +? (A-Ao)aly(Of + O(jA _ Ao0),
and any solution has the form z(A, r) = Trz(A, 0).
5. Stability of the solutions when E = 0. We rewrite the solutions of Theorem 4

z (F, r), where , = Ilu 11 (see the previous chapter). We can do that because there is a
correspondence between A and ,.

In order to study the stability of z (,, r), we perturb it by u (t) such that z (,, r
u (t) is a solution of the evolution equation (2.12) with e = 0. The equation for u is then

du-+,ou +2M(z(A, r), u)+M(u, u) = 0,

dr

(5.1)

The linear part in (5.1) is called the linearized operator about z (,, r), and we write
it

(5.2) Li, (F) = ?kA(,,),o + 2M(z(g, r), *).
As is well known, if the spectrum of L, (r) lay entirely in the half-complex plane
{z E C; Re z > 0}, u (t) would tend to 0 as t tends to infinity for u (0) close enough to 0,
and hence z (u, r) would be asymptotically stable. But here this assumption cannot be
true, because 0 is always an eigenvalue of L (r). Indeed, z(,u, r) verifies the equation

(4.1): ?A,oz +M(z, z) = 0, whatever F = ( C, f) E 52 (unit sphere).
We parameterize S2 by the angles (7, /) of spherical coordinates, then, differentiating this equation with respect to 2q, for example, we get .2A,oZ 7 + 2M(z, z 7) =0, and

hence L, (r)z T=0. The same thing is true with z , and it can be checked that
necessarily z' or z',, is not identically zero (see Lemma 19).
We need more details on the spectrum of L,. (r). Since Lo(r) = fA0 0, we have in fact
to study the perturbation of the eigenvalue 0 of kA.0., A E V(O). The following lemma is

useful.
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LEMMA 18. The spectrum of L, (IF) remains invarian

Proof. Let o- be an eigenvalue of L,, (F). By definitio
that L,A (F)u = au, i.e., from (5.2),

(5.3) SA(,1),OU + 2M(z(,, F), u) = au.

Since the operators StA(S,),O and M are invariant under the rotation
apply Tg (representations of SO(3) in H) to (5.3), we get

(5.4) SA (,),o Tgu + 2M (Tgz (,u, F), Tgu) = oTgu,
i.e.

(5.5) L, (IF) Tgu = o-Tgu,

where F' = gF (since Tgz (,u, F) = TgTrz (Au, 0) = Tgrz (,u,
Hence a- is an eigenvalue of L,, (IF) with the correspon
lemma we can restrict the study announced above to the case F = 0, i.e. to L, (0) =

YA (g),o +2M(z (g,0), ).-

LEMMA 19. 0 is a double eigenvalue of L, (0) for , =0. This operator has also one

real simple eigenvalue -(og) = -o2, 2 + O(,13) and one real double eigenvalue al(g) =
0,13A + 0(,4) (,A1 e V(O)), where -02 = -2y(O) > 0 (see Theorem 3) and 513 = I 8'(O).
Proof. (i) We have already seen that L,, (F)z, = L,, (F)z', = 0, where z' and z', are
the derivatives of z(,, F) F = (IF , f), with respect to 'q and fl respectively. Let us set

z(,, IF) =uu(F)+0(g). Using Appendix C, it is easy to see that

u(F) =(3 COS2 r- 1)eo+1V i sin q cos q(e'461-e

(5.6) -1P4(1 -cos2 n)(e2i2 +-e2'2),
so that

u,(F)= -3 sin 'q cos q60 + /34i(1-2 cos2 r)(e'i4-e -"i)

(5.7) - 2 sin 71 cos 71 (e 4162+ e 2),

u' (F) - 12-sin 7 cos 71(e'"e + e '5"P1) - i?(l - cos2 rq)(

Now note that if 'q =0, u (F) (and, in fact, z (,, F)) remains the sa
to the fact that this solution is axisymmetric along the z-axis). Doing = 0 in (5.7), we get

U (F) = - /1 l(e i( - e Thl),

(5.8)

41 (r)= 0.

Since f is arbitrary, u l (F) spans a 2-dimensional space. Note that q $ 0 implies

(1) u' (F) $ 0 and ut,(F) $ 0 for any f,

(2) u (F) I u, (IF).
(ii) Now let us do a perturbation analysis of the eigenvalues 0 of 4AOO for the
operator L,] (O), by exactly the same method as in ? 3.3. P,. being the projection which
commutes with L,] (0) and which is associated to the decomposition of the spectrum

0-(L,. (0)) = 0-' U o-" where a-' is the part proceeding of the perturbation of 0 E 0- (2A.0),
the eigenvalues we seek are the roots of the equation

(5.9) det [(PoPPo)lPoPPL, (O)P,P0-oPo] = 0,

where P0 is the orthogonal projection on ker 4O, (see (3.24)

invariant by the rotation about the z-axis, the proof of Lemma 7 applies to
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Po)`PoPP,L

,(O)P~,Po,

w

Hence the eigenvalues we seek are the (diagonal) elements of this matrix. These

elements are real (see the proof of Theorem 2, part (iii), and the Lemma 11, with e
Calculating these elements as in Theorem 2, we get the result. We don't give the details,

but it is fairly easy to check by considering the equation L,, (O)e = oe and expanding oand 6 in series with respect to u.

It follows from this lemma that all the nonzero eigenvalues of L,, (O) are in the
complex half-plane {z E C; Re z > 0}, except one, Oi(/u), the sign of which is unknown. In

thefollowing,weshallassumethat-1 (,u) > O,i.e. 8'(0) > O. ByLemma 1 8,wecanthenwrite

o-(L,_ (F)) = {0} U -1, al c {Z E C; Re z > 0}, whatever F E S2.
Now we can start the stability analysis. We use a method due to looss [8] (he

applied it to the stability analysis of the Hopf bifurcation), to show that, under the a
assumption, the bifurcated solutions z(,u, F) are "orbitally stable" in the following
sense. Consider the evolution problem

dz+StAkOZ +M(Z, z) = 0,

dt

(5.10)2

(5.10)z(O)=z(A,'Fo)+uo, FOES UoE .

We shall say that the bifurcated solutions z (,u, F) are orbitally stable if whatever ro E S2
there exists S50>0 such that if Iluoll <3o, there exists re S2 such that the solution of
(5.10) tends to z(,u, F) as t tends to infinity. We look for solutions t -*z(t) which are
continuous in 9 and continuously differentiable in H. Then it is well known (see [7])
that (5.10) has a unique solution in [0, T], T< +x depending on z(0). Let us set
z (t) = z (,, F) + u (t). The problem is then to find r such that u (t) - O as t-a o. For u
evolution problem is, using (5.1) and (5.2),

d + L," (F)u + M(u, u) = 0,

dt

(5.11)

u(0) = uo+z(U, Fo)-z(u, F).

Since z(w, F) is analytic in r (see (5.7)) we can write, for rE v(ro),
Lg (F) = L,i, (Fo) + L,, (F)

where L,, (F) is analytic in r and L,, (0) = 0, and z (,, ro) - z (, ) =
-Dz(t, Fo)(F-Fo)+g(u, F), where Dz(i, Fo) is the Frechet-derivative of z(1, F

with respect to F at the point ro and g(g, F) is analytic in F and of order IF - FI02. He
(5.11) can be put on the form
du

dt + L,-,(Fo)u + L,, (F)u + M(u, u) = 0,

(5.12)
which is also equivalent to
t

(5.13) u(t) = eL X(Fo)tu (0) f e L(?)ts)(L,. (F)u(s) +M(u(s), u(s))) ds.
We look for solutions of (5.13) in the Banach space

0- = {u; t -+ u (t) e(w/2)t E C?(O, (0; 9)} with the norm |||ul||
= sup tE (0,o)) I Iu(t) e (oj/2)t 11X

This content downloaded from 137.222.58.155 on Wed, 06 Oct 2021 17:10:30 UTC
All use subject to https://about.jstor.org/terms

BIFURCATION AND STABILITY OF CONVECTION FLOWS 643

w being the smallest real part of the positive eigenvalues of L,, (F) (i.e. co = 513 by
Lemma 19).

Let P be the projection commutating with L,A (FO) and associated to the eigen
0, and Q = I - P. Equation (5.13) is decomposed in two parts by these projections:

(5.14) P(t) = P(O) - J P(L,, (F)u (s) + M(u (s), u (s))) ds,
(5.15) Qu(t) = e L(o)tQu(0) - e L 0(F)(ts)Q(L,(I)u(s) +M(u(s), u(s))) ds.
0

Since we look for u in B, (5.15) has a unique solution Qu, which depends analytically on
,t, F, Pu and Qu(0) (see [8]).
We want that Pu(t) tends to 0 as t tends to infinity, and therefore we set

(5.16) 0 = Pu(0)= P(L,F, ()u (s) + M(u (s), u (s))) ds.
Since u belongs to B, the integral term in (5.16) is well-defined. Hence (5.14) is changed in
the two equations

(5.17) Pu (t)= P(L,_ ()u (s) + M(u (s), u (s))) ds,
t

(5.18) 0= Puo-pDz(A, Fo)(F-Fo) +Pg(A, IF)- P(L,, (F)u(s) +M(u(s), u(s))) ds.
(5.17) can be solved with respect to Pu by the implicit function theorem, and we get

finally the 2-dimensional equation (5.18), which is of the form

(5.19) 0= R(g, F, Puo, Quo) in a two-dimensional space,

where R is analytic in its arguments and satisfies R(u, Fo, 0, 0) = 0, Drj(g, FO, O,
-PDz(,u, FO). Since 0 is a semi-simple eigenvalue of L,,(Fo), and since, if FO = (7qo,
is such that qo:A 0 (we can always suppose that after a suitable rotation), a basis
ker L,A (Fo) is {z ,(,, Fo), z Fo)}, the projection P can be written

(5.20) Pz = (z; e')zr"(w, Fo)+(z; 40)z(w, Fo),

where 6, and 6,# are eigenvectors of the adjoint operator L* (F

that (z' (w, Fo); 4r) = (z'(w Fo); 4) = 1. Then, because Dz (g, FO)(F -F 0) =
(rq - ro)z' (W, Fo) +(' - Oo)z' (W, Fo), it is easy to check that (5.19) can be solved, b

implicit functioii theorem, with respect to i and r (i.e. with respect to F). Hence we
have proved that

THEOREM 5. Under the assumption that 513 is positive, the solutions z (,u, F) of (4.1)

when e = 0 are orbitally stable: 3 5o such that dist (z(0), {z(,, F)}) ? Q 80 3 F1 such tha
lIZ (t) - z (,, 1`)IVg > 0 exponentially.
Appendix A. Proof of Lemma 6. In order to prove that lo-+ o0 as q -+ 1, we shall in
fact prove the following equivalent assertion.

Vlo E N, 3 V(1) (neighborhood of 1) such that Vrj E V(1),
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1. We start from the following differential eigenvalue problem, which is easily
deduced from (3.11),

2__2_l+
(1+1))
(A. 1) -D2 01
9=A ll1),(r)E)id
(Di1
=dr+rd-

1 r(r) d~~~~r2rdr r2
d

(A.2) El = D1Oi = d D101 = O at r =77, 1,
or
dr2
(A.2)' 0i = DiE, =dr2D,iEi=0O
at r = ,l,.

We restrict the calculation to the case r(r) 1 (it works as well with r(r)= 1/r3).
Now we do the following change of variable:

(A.3)

s=

+

r 1 - 27

r

E

1-77 1-77

[7

1],

so that s e [1, 2]. Then,

(A.4)

D=

1

where

(A.S) DZ 71 =dS2 (1 - q)s + 2,q - 1 ds [(1 - 7q)s + 2,q - 1]
Hence the problem (A.1)-(A.2) or (A.2)' is transformed in (using r(r) 1)

(A.6) -D3,, = (1- 77)Al(l + l)0k with variable s E [1, 2],
- - d -

(A.7) El = Dl,,5EA D1, El = 0 at s = 1, 2,
or

(A.7)' 6' = D0,,1 =1 d DSD 0,,l =O ats = 1,2.
In a neighborhood of 1, Di,, depends smoothly on 7q (analytically).
2. We remark that, as 7q - 1, Dl,,, - d2/ds2 uniformly. Hence -D ,,, " >+ d6/ds6

which is independent of 1, and the boundary conditions (A.7) and (A.7') tend to

(A.8) 1=d2E d E)

(A.8)' ds2 ds43=0 ats=1,2.
By using standard methods it is not difficult to show that -d6/ds6 with boundary

conditions (A.8) or (A.8)' is an oscillatory differential operator to the sense of
Krein-Gantmacher [10], and hence its eigenvalues are positive and simple. Then, by

the classical perturbation theory and using (A.5), it is clear that for 'q E U(1), the

eigenvalues of -D3, with boundary conditions (A.7) or (A.7)' are positive and simple.
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If we call Al&(q) the smallest of these eigenvalues and Al
-d6/ds6 with (A.8) or (A.8)',

(A.9) Al&q) > Al
7 1 1

uniformly on the bounded sets of values of 1.

From this, it follows that whatever 1l fixed integer, there exist a neighborhood V(1)

such that A1(7j) < 2A11(7q) for '1 E V(1), whatever 1 < lo. Replacing these eigenvalues
by their expression in (A.6), we get

(A. 10) A ilol0(l0+ 1) <2A 1(l + 1) whatever 1 < 10,
and therefore

(A.11)

as

A1,o<k

soon

as

1(1

1

+

1)

-

lo(lo

+

1)/

Appendix B. Proof of Lemma 9 (ii). By the method of [18], the calculation of
A (A, u (2)) gives

(B. 1) A2(A, u2) =f(Ak)A(u

where A(u(2)) is a vector whose components are poly
a2, d2, and , (A) = 0 + (A -A o) 1 + ? (|A-Ao)2.
It is easy to check that

(B.2) /3o = (M(o, sto); 60),
(B.3) j13 = (BSM(eo, to); eo) + 2(M(SBeo, to); 4o),

by identification of the coefficients in (4.6) (k = 0). On the other hand, a
parts shows that

(B.4) (M(u, u); V) = -2(M(u, V); u),
whatever u, V E 2 (and real vectors).

Then, obviously, 3o = fl = 0 (for the last equality, use the fact that B and S are
selfadjoint).

Appendix C. Proof of Lemma 15. The problem is to find g E SO(3) such that

(C. 1) gTgo = aoeo + a l (el + f1) + a2(e2 + f2),
whereg2 =aO+2al+2a2 and ao, al, a2 ER, a, - 0.
We can express the ek's in the form

(C.2) 4 = (u (r) Tok (g1), 16 V(r)Tl k (g1), 16 V(r)T?ilk (gl, 0(r)To(gk )
(k =-2,* * ,2)

where T 2 (-2?- i, k ' 2) are the generalized spherical functions of order 2 (s

gi = (ir/2 - p, 9, 0) E SO(3) (g1 expressed here in Euler's angles). From the proper
the generalized spherical functions, it follows that
2

(C.3) TgT 2no (gl) = T2 0 (glg) = 2 T (g2T O (g), g = ((1 71 f') E SO(3)
n=-2
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Applying (C.2) and (C.3) to (C.1), we find, by identification,

(C.4) uToo (g) = ao, ,uT 2o (g)= a, ,uT-1o(g)= -a ,
, 22o (g) = a2, g T 220 (g) = a2

(C.4) is a necessary and sufficient condition to solve the problem. The f
are given in [6]. By making them explicit, (C.4) gives

A (3 cos2 r - 1) = ao,

2

(125i sin cos e'q = a 1,
(C.5) 83isin 71 cos 71 ei -a,,

-y X/?(1 -cos271) e2h = a2,

1-X4(1-Cos271)e-2hI =a2.
10- 3A
rigid boundaries
40

free boundaries
30

20
A 18270

10
A 710()

1

2

3

4

5

6

(a) Case r(r)=1.
102A2
rigid boundaries

30

free

boundaries

20

10.
A 2-859

Ao-376
1

2

3

4

5

.
6

(b) Case T(r) = r3.

FIG. 4. Computation of A0 at = 0.3.
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Remark. In (C.5) the angle p2 of g doesn't appe
it is easy to deduce from (C.5) that the problem will have a solution if and only if

,q = i7/2 and 0= -/6 aoa2 + a - 2a2, which prove the lemma.
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