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Standing waves in flow between finite counterrotating cylinders
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Experimental evidence for standing waves resulting from a supercritical Hopf bifurcation that appears as the
first pattern-forming instability in counterrotating Taylor-Couette flow is presented. Depending on the aspect
ratio two different types of standing waves, denoted as SW0 and SW , could be observed. Both modes have an
azimuthal wave number m⫽1 but differ in symmetry. While for SW , a spatiotemporal glide-reflection
symmetry could be found, SW0 is purely spatial reflection symmetric. The transition between the two modes
is found to be organized in a cusp bifurcation unfolded by variations of the aspect ratio. The ‘‘classical’’ spiral
vortex flow appears in this control parameter regime only as a result of a secondary steady bifurcation from
SW0 . This transition is found to be either subcritical or supercritical. The experimentally observed bifurcation
structure has been predicted by theory of Hopf bifurcation to spiral vortex flow in finite counterrotating
Taylor-Couette systems.
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INTRODUCTION

Bifurcations play an important role in the organization of
complex dynamics in nonlinear systems 关1兴. In spatially extended nonlinear systems, e.g., hydrodynamic flows, steady
or time-dependent patterns often arise from a bifurcation of
the basic state 关2兴. Examples of time-dependent pattern resulting from a Hopf bifurcation of the basic state of a hydrodynamic system can be found in binary mixture convection
关3–5兴, in magnetoconvection 关6兴, in stratified Taylor-Couette
flow 关7兴, and in counterrotating Taylor-Couette flow 关8 –20兴.
Symmetry and symmetry breaking are crucial in order to
determine the solution set close to a bifurcation 关21兴. Spatially extended nonlinear systems are often assumed to have
an O(2) symmetry, i.e., a translational and a reflection symmetry 关22兴. In case of Hopf bifurcation the presence of O(2)
symmetry leads to a complex bifurcation structure. The resulting pattern are either traveling waves 共TW兲 or standing
waves 共SW兲 共see, e.g., Ref. 关21兴兲.
Boundaries play an important role in physical systems. An
example of a hydrodynamic system where physical boundaries qualitatively alter the structure of steady bifurcations
compared to predictions from theoretical models assuming
O(2) symmetry is Taylor-Couette flow 关23兴. The influence of
boundaries on pattern formation and dynamics in the vicinity
of Hopf bifurcation have been studied in binary mixture convection with finite geometries. The presence of end walls
introduces so-called ‘‘blinking states’’ and ‘‘repeated transients’’ 关4兴. Boundaries may also be responsible for breaking
the reflection symmetry 关24兴 but as a consequence from the
finite extent of a system due to boundaries the translational
symmetry is broken. The influence of broken translational
symmetry on Hopf bifurcation has been investigated theoretically by Refs. 关3,25,26兴. As a result of broken translational symmetry the bifurcation structure of Hopf bifurcation
is qualitatively altered. Instead of traveling and standing
waves that occur in the O共2兲-symmetric case two different
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types of standing waves appear supercritically from the basic
state. According to the theory standing waves result from a
superposition of two counterpropagating traveling waves
having equal amplitudes and a temporal phase difference of
either 0 or  . The standing wave solutions have thus been
denoted as SW0 and SW having either a purely spatial reflection symmetry or a spatiotemporal glide-reflection symmetry. Traveling wave type solutions (TW⬘ ) also exist in
case of broken translation symmetry but they arise only supercritically or subcritically from a secondary steady bifurcation of each standing wave solution. These TW⬘ solutions
differ from the pure TW which occur in case of Hopf bifurcation in O(2) symmetry.
One of the classical hydrodynamic systems for the study
of Hopf bifurcation in basic laminar flow is counterrotating
Taylor-Couette flow. This is the flow of a viscous fluid confined in a gap between concentric rotating cylinders. Under
the assumption of cylinders with infinite axial height the basic laminar Couette flow has an axial translational and reflection symmetry and an azimuthal rotation symmetry. The flow
is thus invariant under the group O(2)⫻SO(2) 关22,27兴. On
the basis of linear stability analysis of laminar Couette flow
Krueger et al. 关9兴 predicted the appearance of nonaxisymmetric time-dependent spiral vortices resulting from a Hopf
bifurcation for sufficiently high rotation rates of counterrotating cylinders. Spiral vortices have the form of traveling
waves in axial direction and of rotating waves in azimuthal
direction.
Geometric parameters of experimental systems are the aspect ratio ⌫⫽L/d, with gap width d⫽r o ⫺r i and axial
height L, and the radius ratio  ⫽r i /r o , with r i and r o being
the radii of the inner and outer cylinders, respectively. The
existence of spiral vortices has been confirmed experimentally by Snyder 关10兴. This investigation has been performed
in an apparatus with different radius ratios 
⫽0.2,0.5,0.8,0.956 and a minimum aspect ratio ⌫⬇17. A
systematic experimental study of counterrotating Taylor-
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Couette flow has been performed by Andereck et al. 关12兴
using an apparatus with  ⫽0.883 and aspect ratios ⌫ ranging from 20 to 48. They found a huge variety of different
flow states but as the first time-dependent pattern appearing
in azimuthal Couette flow they observed spiral vortices for a
wide range of counterrotation rates. Further investigations on
primary instabilities and also on bicritical curves for flow
between counterrotating cylinders have been performed numerically and experimentally by Langford et al. 关13兴 and
Tagg et al. 关14兴. They were able to confirm their numerically
obtained stability curves experimentally for a flow with an
aspect ratio ⌫⫽30 关14兴. In a significantly shorter experimental system with an aspect ratio ⌫⫽12 Schulz and Pfister 关19兴
were also able to confirm the numerical calculations of Langford et al. 关13兴. Numerical studies on the transition to spiral
vortices and their behavior in the nonlinear regime have been
performed numerically by Sanchez et al. 关16兴 and Hoffmann
et al. 关18兴 assuming axial periodicity. Experimentally Tagg
et al. 关20兴 were also able to observe ribbons that appear subcritically in the nonlinear regime. Ribbons are standing
waves in axial direction and rotating waves in azimuthal direction. They may also appear supercritically from Hopf bifurcation in counterrotating Taylor-Couette flow under the
assumption of translation symmetry 关27兴 but this transition
has not been found experimentally yet.
On the basis of theory of Hopf bifurcation with broken
translational symmetry Knobloch and Pierce 关28兴 predicted a
qualitatively different bifurcation structure in finite counterrotating Taylor-Couette flow compared to the bifurcation that
occurs under the assumption of infinite axial height. According to their theory spiral vortices are replaced by standing
waves as the first time-dependent pattern resulting from
Hopf bifurcation in azimuthal Couette flow. They found two
different types of standing waves denoted as in the general
theory SW0 and SW both of which differ in symmetry.
While SW has a glide-reflection symmetry SW0 has a pure
spatial reflection symmetry. Spiral vortices appear only from
a subcritical or supercritical steady bifurcation from each
standing wave solution in the nonlinear regime. The specific
type of bifurcation depends on the system length. Numerical
studies of the effect of finite size for the transition to spiral
vortices have been performed by Edwards et al. 关15兴 and
Czarny et al. 关17兴 who found complex flow states in a system
of small aspect ratio. However, the standing wave solutions
and the bifurcation structure predicted by Knobloch and
Pierce 关28兴 have not yet been observed either in experimental
work or in numerical studies. The aim of this work is to
investigate whether standing wave type solutions predicted
by Knobloch and Pierce 关28兴 appear in counterrotating
Taylor-Couette flow. Our experimental study on the transition to time-dependent flow is performed in a flow having a
smaller aspect ratio than in all previous experimental work.
EXPERIMENTAL SETUP

The experimental Taylor-Couette setup consists of a viscous fluid confined in the gap between two independently
rotating concentric cylinders. The inner cylinder is machined
from stainless steel having a radius of r i ⫽(12.50

FIG. 1. 共a兲 Axial distributions of axial velocity measured from
standing waves SW and SW0 at fixed radial position. 共b兲 Instantaneous axial velocity distributions determined from 共a兲 representing the flow field for an azimuthal phase difference of  . 共c兲 Schematic plot illustrating qualitatively the axial velocity field in axial
and azimuthal directions. Vertical lines indicate azimuthal positions
corresponding to experimental distributions shown in 共b兲. 共d兲 Schematic plot of axial velocity distributions calculated from 共c兲.

⫾0.01) mm, while the outer cylinder is made from optically
polished glass with a radius of r o ⫽(25.00⫾0.01) mm. As a
working fluid silicon oil with the kinematic viscosity 
⫽10.2 cS is used. The temperature of the fluid is thermostatically controlled to (24.00⫾0.01) °C. At top and bottom
the fluid is confined by end plates which are held fixed in the
laboratory frame. The distance between the plates defines the
axial height L of the flow which is adjustable within an accuracy of 0.01 mm. The radius ratio is held fixed to 
⫽0.5 for all measurements and the maximum height of the
apparatus is L⫽250 mm which corresponds to a maximum
aspect ratio ⌫⫽20. As control parameters serve the Reynolds number of the inner 共i兲 and the outer 共o兲 cylinders,
Rei,o ⫽dr i,o ⍀ i,o /  , where ⍀ i,o denote the angular velocity
of the inner 共i兲 and the outer 共o兲 cylinders, respectively. We
utilize laser doppler velocimetry 共LDV兲 and particle image
velocimetry 共PIV兲 for measurements of the flow velocity.
RESULTS

In Fig. 1 characteristic spatial properties of two different
time-dependent modes are shown. Both these modes appear
as a result of the first time-dependent instability in counterrotating Taylor-Couette flow. The flow states shown in Fig. 1
are measured for Rei ⫽114.5 and Reo ⫽⫺120 but for different aspect ratios. Spatial properties of one of the modes,
labeled SW , are depicted in the upper row and of the other
mode, labeled SW0 , in the lower row of Fig. 1. SW has
been measured in a flow with an aspect ratio ⌫⫽5.7 and
SW0 in a flow with ⌫⫽6.0. In Fig. 1共a兲 experimentally obtained distributions of the axial velocity of SW and SW0 are
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presented. They were obtained from LDV measurements of
the axial velocity by quasistatic displacement of the measurement volume through the flow in axial direction for a
fixed radial position. The appearance of nodal points in both
distributions provides strong evidence for standing wave patterns instead of spiral vortices 关19兴. Note that as the result of
fixed end plates an Ekman vortex pattern is also visible in the
distributions 关29兴 of axial velocity. Due to flow visualization
the azimuthal structure of both SW0 and SW could be identified as that of rotating waves in azimuthal direction having
both an azimuthal wave number m⫽1. From flow visualization it could also be observed that the extrema of the velocity
distributions shown in 共a兲 coincide with instantaneous velocity distributions of each flow state. These instantaneous distributions depicted in Fig. 1共b兲 represent the axial velocity of
the standing waves for two different azimuthal positions having a temporal phase difference of  .
According to the theory of Hopf bifurcation with broken
translation symmetry standing waves result from a linear superposition of two sinusoidal counterpropagating traveling
waves 关 sin(kx⫹t)⫹sin(kx⫺t⫹␣)兴 having equal amplitude
but a phase difference ␣ ⫽0 and  for SW0 and SW , respectively. It is observed that the oscillation amplitude goes
to zero towards the end. In order to illustrate the appearance
of theoretically predicted standing wave solutions in a system with physical boundaries the effect of Ekman vortices
and spatial characteristics of the oscillation amplitude has to
be taken into account. Schematic diagrams of the axial velocity are depicted in Fig. 1共c兲 in order to illustrate the axial
and azimuthal patterns of SW0 and SW . These flow fields
result from a superposition of counterpropagating traveling
waves and a qualitative Ekman vortex pattern. As an approximation of the steady Ekman vortices we used an exponentially decaying sinusoidal pattern from each end 关29兴.
The oscillation amplitude in Fig. 1共c兲 is spatially varying in
order to mimic the experimental observations. The resulting
pattern corresponding to the vertical lines plotted in Fig. 1共c兲
is in qualitative agreement with the instantaneous experimental distributions shown in 共b兲. Axial distributions calculated
from the pattern shown in 共c兲 are depicted in Fig. 1共d兲. A
strong similarity between 共a兲 measured and 共d兲 calculated
distributions can be found.
The most significant difference in the azimuthal structure
of the velocity field of SW0 and SW occurs in the axial
midplane of the flow. PIV measurements of the (r,z) velocity components in this area shown in Fig. 2 illustrate the
azimuthal structure of the velocity field of 共a兲 SW and 共b兲
SW0 . The instantaneous velocity fields were measured with a
time lag of T 0 /2 where T 0 denotes the oscillation period. Due
to the rotating wave character of the flow a time lag of T 0 /2
corresponds to an azimuthal phase shift of  . In coincidence
with the azimuthal phase shift of  an axial shift of the flow
is observed for SW . In contrast to SW an alternation between radial inflow and outflow without axial shift with respect to the midplane occurs for SW0 . Thus SW0 has a
purely spatial reflection symmetry while SW has a spatiotemporal glide-reflection symmetries. The symmetries of
both experimentally observed standing waves are in agreement with the solutions illustrated in Fig. 1共c兲.

FIG. 2. PIV measurements of instantaneous (r,z) velocity fields
obtained from 共a兲 SW and 共b兲 SW0 at L/2. Measurements were
performed at time difference of T 0 /2. (T 0 denotes the oscillation
period, and i and o the positions of the inner and outer cylinders,
respectively.兲

In Fig. 3 experimental measurements of two qualitatively
different bifurcation diagrams are depicted. The diagrams
represent the transition to 共a兲 SW0 at ⌫⫽6.0 and 共b兲 SW at
⌫⫽5.817 for a fixed outer cylinder Reynolds number Reo
⫽⫺120. Moreover, in both diagrams the secondary transition from standing waves to spiral vortices 共SPI兲 as well as
the oscillation frequency of each time-dependent mode are
shown. As a measure of the bifurcations the extrema of the
axial velocity component obtained at characteristic measurement points in the flow are used. Due to the reflection symmetry of SW0 the transitions to these flow states are measured at 5.5 mm above the axial midplane. This is close to
the maximum of the oscillation amplitude of SW0 . Because
SW and SPI are not reflection symmetric the transition to
these flow states is measured in the axial midplane. The radial position of the measurement volume is held fixed at a
distance of 1.5 mm from the inner cylinder for all measurements.
In Fig. 3共a兲 the oscillation amplitude measured at the onset of SW0 for ⌫⫽6 is shown. A square-root law behavior of
the amplitude can be seen and has been verified by amplitude
fits not shown in the figure. Moreover, the oscillation frequency (ⴰ) stays constant for increasing Reynolds number
having a finite value at onset. This behavior indicates a supercritical Hopf bifurcation to SW0 at ReSW0 ⫽113.2. In order to represent the transition from SW0 to SPI a second
measurement (•) of the bifurcation scenario is plotted in Fig.
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FIG. 4. Experimental stability diagram of counterrotating
Taylor-Couette flow for Reo ⫽⫺120. Solid lines indicate the location of supercritical Hopf bifurcation to SW0 (•) and SW (ⴰ) and
of supercritical steady bifurcation to spiral vortices ( * ). Dashed
lines represent subcritical bifurcation from SW (䉭) and from
SW0 (䉮).

FIG. 3. Experimental measurement of bifurcation diagrams performed at 共a兲 ⌫⫽6.0 and 共b兲 ⌫⫽5.817 for Reo ⫽⫺120. 关 ( * ) and
(•) represent extrema of axial velocity at measurement position, 共o兲
indicates oscillation frequency.兴 Evidence for supercritical Hopf bifurcation to both 共a兲 SW0 at ReSW0 ⫽113.2 and 共b兲 SW at ReSW 
⫽114.0 as well as for 共a兲 supercritical and 共b兲 subcritical steady
bifurcation to spiral vortices is found.

3共a兲. In the axial midplane the axial velocity of SW0 is always zero therefore the amplitude of spirals is clearly visible.
Note that Fig. 3共a兲 represents two different measurements at
different measurement points of the same bifurcation scenario. The oscillation frequency remains constant for this
transition. This provides evidence that SPI result at this aspect ratio from a secondary supercritical steady bifurcation
from SW0 at higher Reynolds number.
In Fig. 3共b兲 measurements of the bifurcation scenario for
counterrotating Taylor-Couette flow at ⌫⫽5.817 are presented. The path from the basic state to SPI is indicated by
( * ) while the reverse path from SPI to the basic state is
represented by (•). The oscillation frequency (ⴰ) remains
constant for the time-dependent modes that occur in the bifurcation sequence. Due to a square-root law behavior of the
amplitude and a finite frequency at onset evidence for a supercritical Hopf bifurcation from basic state to SW is given.
The transition takes place at ReSW  ⫽114.0. At higher Reynolds number a transition from SW to SPI also occurs for
this aspect ratio. In contrast to ⌫⫽6 the transition to SPI is
subcritical as indicated by arrows in Fig. 3共b兲. As for ⌫⫽6 a
supercritical steady transition between spiral vortices and
SW0 occurs but here it takes place on the secondary branch.
A subcritical bifurcation from the secondary branch (SW0 )
to the primary branch could also be observed. The bifurcation is found to occur very close to ReSW  for this particular
aspect ratio but in general these two bifurcations do not occur at the same critical Reynolds number. For reasons of

clarity we do not present an explicit measurement of the
subcritical transition from SW0 to the basic state in Fig.
3共b兲.
In Fig. 4 the stability diagram of counterrotating TaylorCouette flow for Reo ⫽⫺120 is presented. The bifurcation
points were obtained from measurements of bifurcation diagrams as shown in Fig. 3. For ⌫⬍⌫ c SW (ⴰ) and for ⌫
⬎⌫ c SW0 (•) are observed as the result of a supercritical
Hopf bifurcation. A critical aspect ratio for the Hopf bifurcation is found at ⌫ c ⬇5.822. The stability lines of subcritical
bifurcations from SW (䉭) and of subcritical bifurcations
from SW0 (䉮) form a region of coexistence of the two solutions. Both subcritical stability lines merge within the experimental accuracy with the stability line of the Hopf bifurcation at ⌫ c and Rei ⫽113.9. This provides evidence for the
existence of a cusp bifurcation between SW0 and SW as a
mechanism for stability exchange. Spiral vortices ( * ) occur
in this control parameter regime only supercritically from
SW0 . Note that we found no qualitative and almost no quantitative difference in the bifurcation structure between ⌫
⫽5.83 and ⌫⫽6.0 shown in Fig. 3共a兲. For reasons of clarity
we have omitted to plot this intermediate region in Fig. 4.
Additional experimental work shows that the appearance
of standing waves is not restricted to the aspect ratio regime
depicted in Fig. 4. In Fig. 5 two axial velocity distributions
共a兲 of SW0 measured at ⌫⫽9.0 and Rei ⫽115.1 and 共b兲 of
SW measured at ⌫⫽9.5 and Rei ⫽115.0 are presented. A
qualitative similar bifurcation structure could also be observed in this aspect ratio regime. While SW0 and SW still

FIG. 5. Axial distributions of axial velocity obtained for Reo ⫽
⫺120 from measurements of 共a兲 SW at Rei ⫽115.1 and ⌫⫽9.5
and of 共b兲 SW0 at Rei ⫽115.0 and ⌫⫽9.0.
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appear in counterrotating Taylor-Couette flow as a result of
supercritical Hopf bifurcation the transition to spiral vortices
becomes subcritical. This observation is also in agreement
with the theory of spiral vortices in finite cylinders 关28兴.
CONCLUSION

tions to spiral vortices. Experimental evidence is presented
that the exchange between the two different standing wave
patterns is organized in a cusp bifurcation. This mode exchange is not part of the theory. It shows that for smaller
systems in contrast to systems used in previous experimental
studies the bifurcation structure depends on the aspect ratio.
Thus the aspect ratio is an important control parameter for
the transition to spiral vortices in counterrotating TaylorCouette flow. These results suggest further numerical and
experimental works in systems with smaller aspect ratios
than used in previous studies. The general conclusion we
draw is that important parts of the theory of Hopf bifurcation
with broken translation symmetry are applicable to Hopf bifurcation that occurs in experimental systems with physical
boundaries.

Our work shows, to our knowledge, for the first time experimental evidence for standing wave solutions appearing
from a supercritical Hopf bifurcation in counterrotating
Taylor-Couette flow. We observe two different types of
standing waves which differ in their spatiotemporal symmetries. These standing waves replace spiral vortices as the first
time-dependent mode which would appear under the assumption of O共2兲 symmetry. Spiral vortices appear only as a
result of subcritical and supercritical steady bifurcation from
standing waves. The observed bifurcation structure has been
predicted by theory of Hopf bifurcation in SO(2)⫻O(2)
symmetric systems where the translational symmetry is broken 关28兴. The agreement between observations and theory
includes not only the appearance of two different types of
standing waves having different symmetries but also details
such as secondary subcritical or supercritical steady bifurca-
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