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Bullard et al.’s (1950) rigid-sphere model for the steady westward drift of the earth’s non-dipole
magnetic field is extended to include the magnetic coupling provided by the presence of the higher
multipole fields at the core-mantle boundary. If the first six harmonics of the observed surface field are
taken into account, the retarding couple on the mantle is increased by a factor of 1 6 . Using this result
it would follow from Bullard’s specialized model of the core that the geomagnetic dynamo mechanism
generates a toroidal field of several hundred gauss in the deep interior of the core. Time-dependent
perturbations of the mantle-core coupling are investigated rigorously, and it is shown that reasonable
fluctuations of the fields at the core-mantle boundary are capable of explaining changes in the length
of day at the rate of order 1 ms in 10 yr. The tightness of the coupling is increased by 60% over that
afforded by Bullard’s model. The argument provides additional evidence that the mean electrical
conductivity in the bottom 2000 km of the mantle is at least 10-9 e.m.u. A summary of knowledge
of the distribution of electrical conductivity with depth in the earth is given in the Introduction.

1. I ntr o d u ctio n

Within the last 15 years a theory for the maintenance of the earth’s magnetic field has been
developed by Elsasser, Bullard and Parker. These attempts to construct a physically
plausible model for the geomagnetic dynamo have been reviewed by Elsasser (1956).
For the purpose of the present paper we recall the first stage essential to the feedback
mechanism proposed to regenerate the main dipole field. In the presence of convective
exchange between the inner and outer parts of the fluid core, conservation of angular
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momentum requires that the deep interior of the core rotate more rapidly than the outer
layers. This non-uniform rotation, together with the high electrical conductivity which
requires that the magnetic field be 6transported' by the fluid, provides the mechanism by
which a large toroidal magnetic field, with quadrupole symmetry about the rotational axis,
is induced from the main dipole.
The presence of the perpendicular dipole component may be regarded as a transient
phenomenon expressing some asymmetry in the convective regime of the core. The non
dipole part of the field exhibits the changes in time known as the secular variation, and is
attributed to inductive interactions of the magnetic field and fluid motions in the outer
layers of the core. The sources of the secular variation must lie within a few hundred kilo
metres below the core-mantle boundary, as shown by the restricted size of the centres of
rapid change at the earth’s surface, and the strong attenuation of hydromagnetic distur
bances moving across substantial toroidal field under Coriolis acceleration (Tamao 1959).
Lowes (1955) has argued that these regional field sources even contribute to the main dipole
presently observed.
The waxing and waning of individual centres of change is accompanied by a general
tendency of the centres of secular variation to move slowly westward over the surface of the
earth (Bullard, Freedman, Gellman & Nixon 1950). The same tendency is exhibited by the
non-dipole field contours. Lowes (1955) indicated that a large part of the entire secular
variation was due to the westward drift of the regional field sources, and Whitham (1958)
was able to assign at least half the secular variation to westward drift. Bullard and his
collaborators determined the mean rate of drift, during 1905-45, of the non-dipole field as
OT 80 ± 0*015 deg/yr, while during the same period the mean rate of drift of the isopors of the
secular variation was found to be 0*320 ±0*067 deg/yr. Whitham, on the other hand, found
that the part of the same data appropriate to Canada yielded a westward drift of only onethird the worldwide average rate. The steady westward drift of individual tesseral harmonics
differs for different harmonics, and in particular the perpendicular dipole appears not to
have participated in the worldwide westward drift during the last century, its shift in that
time not exceeding 5° (Bullard
et al.1950).
Bullard found no evidence for a worldwide drift in latitude, or for a dependence on latitude
(apart from local fluctuations) of the rate of westward drift. Vestine’s (1953) determination
of a northward drift of the ‘eccentric dipole’, comparable in magnitude to its westward
drift during the last century, is questionable because of the uncertainties in the data.
Because of the high conductivity of the fluid core, the non-dipole field lines are ‘frozen ’
in the fluid and partake of its motions. Their movement westward with respect to an observer
stationed on the mantle is evidence that the outer layers of the core do not rotate as rapidly
as the mantle. This conclusion is supported by the hydromagnetic theory of boundarylayer phenomena at the top of the core, due to Elsasser & Takeuchi (1955). That the rotation
of the mantle is not constrained to follow that of the outer core indicates the absence of
appreciable mechanical coupling between the mantle and the core. Additional evidence
for this is provided by the observations (Vestine 1953) that irregular fluctuations in the
angular velocity of the mantle are accompanied by changes, in the same sense, of the rate of
et al.(1950) demonstrates
westward drift. A numerical calculation carried out by Bullard
viscous boundary-layer friction is unable to effect the coupling of the mantle to the core.
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The generation by the geomagnetic dynamo of toroidal field in the core, together with the
weak conductivity of the lower mantle which allows toroidal field to leak into the mantle,
leads to an explanation of a steady westward drift maintained by electromagnetic forces on
the mantle. Bullard
etal. (1950) constructed a simple model for this elec
coupling of the mantle to the core, in which the geomagnetic field was approximated by the
axial dipole. In §3 of the present paper this model is extended to include the mechanical
effects of the remainder of the earth’s magnetic field. Perturbations of the electromagnetic
coupling, and the consequent changes in the rate of rotation of the mantle, are discussed
in §4.
1.1. Electrical conductivity in the earth
Observations made at the earth’s surface can be used to infer the magnetic field effecting
the coupling of the mantle to the core only if the electrical properties of the mantle and core
are known. Within the last 10 years considerable progress has been made in quantitative
estimates of the distribution of electrical conductivity with depth in the earth. The data now
available have been set out in table 1. In the present paper we shall simplify the actual
conductivity distribution by assuming the mantle to have uniform conductivity from the
core boundary up for 2000 km, and to be insulating from there on to the top.
T a b l e 1. E lec tr ic al

c o n d u c tiv ity in t h e e a r t h

depth (km)

conductivity
(e.m.u.)

surface rocks
600 to 700
800

10~14 to 1 0 -15
1 0 -12)
1 0 -11/

900
1900
2900
900 to 2900

10-10 \
6 x 10~10 V
2 x lO-9 J
mean
10-9

Runcorn (1955)

900 to 2900

mean ^ 10-9

present paper

core (assumed
uniform)

1-3 x lO-5
3 x 10-6

reference
Stratton (1941)
Lahiri & Price (1939)

M cDonald (1957)

Elsasser (1950)
Bullard (1949 a)

> lO-8
< lO-5

* Rikitake (1952)

method of calculation
direct measurement
induction in conducting earth, accom
panying transient ionospheric distur
bances
amplitude attenuation and phase retarda
tion of different harmonics of secular
variation
rapidity of penetration through mantle
of sudden changes in the rate of secular
variation
tightness of electromagnetic mantle-core
coupling required to explain rate of ir
regular changes in length of day
extrapolation to core conditions of be
haviour of iron at high temperatures
and pressures
absence of high intensity magneto-hydro
dynamic waves in core
restriction on magnitude of perturbations
causing the secular variation

12. Index of notation
In brackets following the symbol is the section of the paper in which the symbol is defined.
(§4-3a)
a
radius of inner sphere in Bullard’s core model
(a),
(b) superscripts denoting toroidal fields generated by dynamo action inside core,
and by induction at core boundary
65-2
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(§4-36)
radius of core boundary, 3470 km
nPnm
(§3*1)
°T N m
(§4*4)
**
c
radius of upper boundary of conducting part of mantle, assumed 5470 km
earth’s radius, 6370 km
d
E
electric field
(§§4-4, 4-5)
*{KP)
unit
vectors in spherical polar co-ordinates
4
(§3*1)
F' (1)
(§4-3)
(§4*3 st)
/*
(§4-3)
aTP n m
(§4-3 st)
^ P n m
Schmidt coefficients in magnetic potential
poloidal magnetic field (§ 2)
PLpnm
toroidal magnetic field (§3.2)
H-rjVw
X I P nm
toroidal field induced from poloidal field at core boundary (§3T)
n TNm
Pnm5 ^ TWm (§4-3)
moments of inertia of core, mantle, whole earth (§4T)
4 4r> ■*
(§3-2)
4 m > JVzn
J
imaginary part of
j
Y
Bessel functions of first and second kind
u n+\i1 n + i
electric current density
(§3-1)
(§4-36)
k
unit vector along axis of rotation
k
(§3-1)
(§4-3)
<§4-4)
As
( § 2)
Afd)
(§4-3)
(§4-3c)
m
azimuthal quantum number
n, N
zonal quantum number
A/"N
(§3-1).
n
pnm
unnormalized associated Legendre coefficient
complex variable when time dependence removed by Fourier transform
P
(§4'3)
(§4-4)
P
(§4-3a)
^nm
real part of
r, 6, <j>
spherical polar co-ordinates
s,
skisv sums of terms quadratic in Schmidt coefficients (§§3*2, 4-4)
11P nm
n TNm
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surface of core boundary
surface element
length of day
time
magnetic potential (§ 2)
volume of conducting part of mantle
volume element
velocity of conductor past reference frame
(§4-4)
(§4-5)
Bessel functions (§3*2)
(§4*3 st)
total electromagnetic couple on mantle (§ 2)
accelerating, retarding couples on mantle (§3*2)
couple due to self-interaction of poloidal field with own current system (§3-2)
couple due to mutual interaction of poloidal and toroidal fields and currents
(§3-2)
accumulated change in
Kronecker delta
variable time parameter (§4-3<z)
A
quasi-normalizing coefficient in U (§ 2)
Aelectrical conductivity of core, lower mantle
o',<rx
time-constant of mantle-core coupling (§§4-1, 4-4)
T
time-constant on Bullard model (§4-4)
TB
unit vector in east azimuth
$
rate of drift of core past mantle (§3-1)
Xo
(§4-3)
~^'Pnm, ^
(§4-3)
eastward
angular velocity of upper core, mantle
m2,
superscripts denoting steady state and first-order perturbations therefrom,
(0 ) , ( 1)
Complex conjugates are denoted by asterisks and are abbreviated to c.c.

S'
dS
T
t
U
Vm
dV
v
W
x,y
Z ,8
a
r
rx acc. rM ret.
P
xPnm;
Pwra
1Pnm; TWm

2.

B u l l a r d ’s

model for t h e stea d y w e st w a r d d r ift

In this model (figure 1) the mantle, rotating with uniform angular velocity
is electromagnetically coupled to the core by two opposing forces, due to the penetration into the
conducting region of the mantle of:
(st) a toroidal field diffusing out from the deep interior of the core, where it is induced as
part of the dynamo mechanism, and
(b)
another toroidal field induced from the main dipole field by the differential angular
velocity at the core boundary. The outer layers of the core are approximated by a rigid
spherical shell rotating with angular velocity
co<
details of the generation of toroidal field of type
; it is enough for us that such a field, of
quadrupole symmetry and of the sense compatible with the non-uniform rotation of the core,
reach and penetrate the core boundary.

We
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The ponderomotive (j x H) interaction of the current producing the toroidal field ( ) with
the field of the main dipole provides a couple tending to accelerate the mantle. Toroidal
field
(b), being in the opposite sense, interacts with the main dipole so as to retard the mantle.
Lenz’s law leads to a simple qualitative explanation for the sense of the couples produced;
the presence of toroidal field (a) in the mantle tends to force it to rotate with the interior of
the core, while toroidal field
(b) tends to force it to rotate in coincidence
of the core. Clearly a steady-state equilibrium is possible when the two couples cancel one
another, and the mantle follows a sort of weighted mean motion of the core. In Bullard’s
model, at equilibrium the toroidal fields (
a)and (b) a
mantle. This is no longer true when the extra coupling provided by the non-dipole part of
the earth’s field is taken into account, although for a stationary rotation of the mantle the net
magnetic couple exerted on it must vanish. The parts of Bullard’s analysis essential to the
present paper are reproduced here with a slightly different notation.

F igure 1.

Rigid-sphere earth model.

The earth’s magnetic field of internal origin, as observed at the surface of the Earth
(r = d), can be represented as

i

H= 1
HPnm = grad
-r>1m=0

(1)

where the subscript P designates a field of poloidal type and where
n
U=d%
n^lm=0 v /

"2

/d\n+1
[in cosm<f>+ h™sm m(j)\ X™Pnm, (2)

Here g™and h™are the Schmidt coefficients traditional to terrestrial magnetism, Pnm(cosO)
is the unnormalized associated Legendre coefficient described by Stratton (1941, pp. 401-2),
and
is a quasi-normalizing factor such that
to )5

(n —m) !
(2-<U ) {n-\-m) !'
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In Bullard’s model the earth’s field is replaced by the axial dipole HP10 which penetrates
the mantle without screening: its radial component at the core-mantle boundary (in our
notation
r=
b)si
_ 2go(d/b)3cos 6.
In the rigid-sphere model the production of toroidal field
occurs only at the spherical
surface across which there is a discontinuity in angular velocity, and so appears via the
boundary conditions. The poloidal dipole and toroidal quadrupole magnetic fields are
independently continuous across r = b, but are related by the requirement of continuity in
the tangential component of the electric field
4

E = - i —curlH —v x H

toroidal field

(v =

(3)

71(x

v

(b)ot roidal field

-core boundary
"Bullard discontinuity

-----V-

<j>,toroidal

F igure

2. Steady-state toroidal fields (Bullard).

This boundary condition reduces to the equation
4'n(rl(o)m—o)2)

Jr

r==b +

H T 20

where

b2sin fi^r.p10U»,

H a + H 'S ,

is the net toroidal field leaking into the mantle, and
are the (assumed uniform) electrical
conductivities of the lower mantle and core, respectively. In view of table 1 we can neglect
a1/(r with respect to 1. The toroidal fields are subject to one more condition, as a result of
their inability to penetrate insulators: they must vanish at the top of the conducting region
of the mantle, r — c.
The assumption of discontinuities in conductivity and angular velocity at
simply
introduces a discontinuity in the radial component of the gradient of the (entirely azi
muthal) toroidal fields (figure 2). If we define the maximum value
attained by the
toroidal field
(a)at the core boundary, then in the mantle
H
n 0,
The toroidal field

3 V/ (1
- i 5/dff '
(in the mantle is
d\3 (1 —r5/r5)
-) i*<?(^) ( l + p 5/*5) &d '

(4)
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The net couple on the mantle, in the sense tending to accelerate its rotation, is
r = Æ-f

rx(jxH)dF=-l f

V

r sin# [curl H x H T dF ,

(5)

Vm
477 J
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where A:is a unit vector along the axis of rotation, and the integration is over the conducting
volume of the mantle. This reduces to
r —

477 I 5 r S^n ^

p 10

T20

integrated over the core boundary. Thus, in the Bullard model, the couple vanishes when
The steady rate of westward drift is
( 6)

2 =

So long as the geomagnetic dynamo is maintained, stationaryty is possible only when there
is a steady westward drift. Lenz’s law can be invoked to establish the stability of this
equilibrium, for any disturbance from equilibrium brings about the action of a restoring
couple due to the predominance in the mantle of one of the toroidal fields (a), (b) over the
other.
3.

R e t a r d in g

effects of t h e n o n - d ip o l e fields

Non-dipolefields in the mantle
If one extrapolates the non-dipole field observed at the surface of the earth down to the
core boundary, one finds that the magnetic topography there is very rough indeed, even if
one assumes an insulating mantle (McDonald 1955). Because of the factors (
2 in the
expressions for the higher harmonics in field strength, the non-dipole fields increase rapidly
with depth and at the core are nearly as strong as the dipole. In Bullard’s model for the
westward drift the non-dipole field played a passive role, simply being swept around with the
outer layers of the core and taking no part in coupling the mantle to the core. Clearly,
however, as the non-dipole fields sweep across the core-mantle boundary, corresponding
toroidal fields are induced there and diffuse out through the mantle. The j X H interactions
of the induced currents producing these toroidal fields, with their primaries (the poloidal
harmonics), bring about an additional couple which retards the mantle. There is also a small
retarding couple provided by the tendency of the mantle to overcome the screening of
tesseral multipole poloidal fields as they move (attached to the outer core) westward relative
to the mantle.
To make the problem tractable we assume:
(1) that the multipole components of the earth’s field do not change in strength, so that
for each n, m
(A )2+ (-A)2 = constant;
3 1 .

(2) that all the higher harmonics, including the perpendicular dipole, have the same
steady westward drift relative to the mantle. If we set
Xt) = ^ 2 — ^rn

then %0 is negative for the observed drift.

T H E E A R T H ’S R O T A T IO N

539

We require the poloidal and toroidal solutions of the induction equation
m

1

i

it ,

4 „m k

Downloaded from https://royalsocietypublishing.org/ on 26 May 2021 by m.b.taylor@bristol.ac.uk

(7)

for uniformly rotating fields in a steadily rotating spherically symmetric region of uniform
conductivity. (Here the ek are unit vectors for spherical polar co-ordinates.) The necessary
mathematical techniques have been outlined by Bullard (1949
The last term on the
right-hand side of (7) vanishes if we take the frame of reference as rotating with uniform
angular velocity
o)m.It is convenient to work not with the actual fields but with their com
representations, of which the actual fields are the real parts.
We define a semi-imaginary parameter
ksuch that
k2 —
Since the tesseral fields have a time factor e_i,”V, (7) reduces to
curl curl H —
Then the poloidal field with quantum numbers m has components
H r,Pnm =

- ( ”+ !)

F 'nm ( b l C) n
2
+

4:170"jim%0.
( 8)

^ ^ ( f o ) ^ ”-"1(Æf)

(9)

H<f>,Pnm ^ i

mF,nm{blc)n+2\n{kc)^Yn_i (kc)Jr»-\kr) - ^

11

'b\n+2 Pnm_ gim(<j>-x0Q
(kr) 2 L
i m F 'i 1
sin d
n(2n—1) 1
in the conducting part of the mantle. HQPnmis not written down because we shall not need it.
Here
-I
*nN(kr) =
JnH^kr)

) }] (“)

C! w r,,t(fr)

where Jn+%(x) and Tw+^(a:) are Bessel functions of the first and second kind and the complex
parameter
F 'nm
is defined in terms of the Schmidt coefficients at epoch t by extrapolating down
to r = c:

= g X id /b )" ^ ,

The approximations in (9) and (10) are obtained from the series representations for Bessel
functions of small argument and are good to within 10% for cq ~ 10-9e.m.u. and
y ~ 10“10s_1. This indicates that the steady-state poloidal fields (particularly the radial
component) are not much shielded by the conducting lower mantle.
Applying the boundary condition (3) we find that H
induces at
toroidal fields of
the same tesseral character, but with one more and one less zonal node, namely H
and H
r!n-i,m
irespectively. When
n =1 or
is small, the core acts as a nearly perfect reflector of toroidal fields produced at its boundary,
and the diffusion into the mantle of these fields is unaffected by the state of motion deep in
the core. On neglecting Jxja with respect to 1, the boundary condition reduces to
(i)
m
=0
g
I^[^,7W °o]r=6+ = ^ l X 0 b2smbHr,Pn0\r-b>
(ii) m # 0
66

I

N (tf+ 1 ) j T[rHeJ r m\ _ bt=
V ol . 252.

A.
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where
N = n± 1. With the aid of recurrence relations for the associated Legendre coefficients
and the condition that no toroidal field penetrate beyond
we find that
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where

H0, fJS = imC%sMkr.r«{kr) (P„Jsm S) e ^ - x s i,

(11)

= -C 9 S ,krJ^(kr) (dPNJdd) e^-V >,

(12)

C^^kb^+^kb)[(»+1) -A'„+1] = 4mr,x0i 2F„'„^ n T V s '
C S - L . ^ - . ' P [ ( « - ! ) - * „ _ ,] =

Here

Kn ~

The physical significance of
^

Jtf(kb)

( l3)
(14)

'

is seen from the relation
vml^r

= Kn - ( N + I).
r —b+

In the limit

0,

, __

2W +1_
l- ( c /b ) 2N+1’

(15)

Hence, as JV increases, the role of the boundary condition at r —c in causing HAA to
diminish in strength with distance up from the core boundary, becomes less important
relative to the simple multipole-type decrease in field strength, so far as points near the
bottom of the mantle are concerned. The situation is aggravated by an increase in m, which
introduces screening and renders the boundary condition at
even less important at the
bottom of the mantle. A numerical investigation shows that for
m = 0,

>;3
N

m # 0,

1

we can neglect
\KN\entirely with respect to
the values of A:, b and c appropriate to the model, we find Kx\m=l~
by these approximations are less than 5 %.
Even though
k= 0 when m —0,
/b\N+l
HmC®r„krJtf(kr) - [C & * M /(M )

— 1.

The errors introduced

where the first factor is given by (13) or (14).

3 2. Electromagnetic couples on the mantle
It is readily shown that a net couple on the mantle, about the rotational axis, is produced
by the Lenz-law interaction of :
(1) each field H
nmw
P
ith the current system j — (47r)_1 curl H of each of the foll
fields;
(2) each j — (47t)_1 curl HPnmwith each of the following fields:
(i) Hft-if
(ii) H
rln-i.m(n> 2, 0 <
m<n—1),
(iii)
(»> 1, 0 <
m<w),
(iv) H
r.n+hm
(n> 1> 0 <
m<«),
(v) H
Pnm(n > 1, 1 < m < re).

T H E E A R T H ’S R O T A T IO N
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In calculating the couples we must use the real fields, i.e. half the sum of the complex field
and its conjugate. For each of the interactions (i) to (v) above we need the following results:
(a) a theorem on the integration of products of Bessel functions Zp(/ix), Z+in) (Watson
1944, p. 134):
( f s - v 2) 2xZp(/ix) s piyx) dx = [vxZpifix) 3 /,-iM -fixZ p_x{iix) %p{vx)Y>.

(16)
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J X\

This is applicable when
( , b)the recurrence relation

m ^0 (the axisymmetric integrations present no diffi

f x z P(Mx)

= zp - i ( j t x )

and for (i) to (iv) the result (readily obtained from the expressions given by Stratton, p. 402)
rn
s\p
j
— \ P- -Nm
sin20 d /9
J nm,
Nm ~
J
1 nm
M U u u (/
2 (tt + m)! r (w -i) (n—m) ,
<
2n-\-1
and for (v) the result

_ (» + 2) (« + m+ l) »
1
(n —m)! |_ (2w—1)1

£ (Pnm)2sin

, .
(2^ + 3)«,jv- iJ

6 dd=

.

Applying (16) we find that the expression for the couple (5) reduces in each case to an
integral over the core boundary, namely (i) to (v) become
^Pnm;Tnn -lm= Ts[n 6 dS ^ ( Hr,Pnm) ^
and three analogous expressions, and
"pnm'.Pnm

4flT\

^^1X16 dd &

respectively. The total couple on the mantle, due to the westward drift of the outer core, is
therefore
„_2
n_!
„
T
__ V V P
A re t.
2 , 2* ^ P n m \ T , n —\yin~^~ 22 2L *-Pnm ; T, n—1, m '
72>3m =0
n>2m =0

+ 2 2

n> 1 772= 0

r

22

P , n - 2 , m \V V P
2* *-Pnm ; T, nd- 1, m

Pnm

_1_ V

V

P

1 m =0

Pnm; Tints, m
d~
2 2 Ipnm;Pnm*

72^ 1 772=1

(l

In the steady state this retarding couple is balanced by the couple
r ac=. =

s rsinedS[Hr<PW+ HriP30]H^%(20)

due to the penetration of the mantle by the toroidal field which is generated by the dynamo
processes.
Since j X H interactions other than those set out in (i) to (v) above do not contribute a
couple on the mantle, and Hr Tnm ----- 0, we may write the total couple on the mantle (the sum
of (19) and (20)) as
F = —~7~ f r sin
J

Sc

6 d s [2 2

\—n>1

(Hr,Pnmd-Hr, Tnm)~\s2 2

m —J0 L jv> 1 M =0

66-2

542

M. G. R O C H E S T E R O N

where the real parts of the fields are to be understood, and
H(a)
T 2 Q u nm*

'■Tnm

I V \ P > n - 1, m ! T J P , n + 1,
20 ’ n T n m
i l *Tnm

It follows that in the steady state
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f

f

rsin
6[H x curlH ]rfd F =
rsin
dS*.
(21)
* Vm
* $c
Though it seems likely that a judicious application of a divergence theorem and the
boundary conditions at r =
cshould transform the volume integral to the surf
we have not been able to achieve this, and have had to proceed through the interactions of
each harmonic one by one.
For purposes of calculation, however, the expressions (19) and (20) are more suitable.
We write
5
Fret. =
™iXob
k= 1

where the sums Sk are obtained from (19) in the order there written, as follows
§4

(n-j- 3)
1)
2) A™
4 2 1 te „ M
+2+ W +2} _ (2n + I) (2rc + 3) (2« + 5) An+2
(
1m=0
72—1

^ = 4 2 2 t e s t 272^ 2 777= 0

«

) 2}

(w+ 1 )2 (w2- • r
w(2n —1) (2w+1

w

2(n+2)

A

( tz + 2 ) [ ( tz + l ) 2 — m 2] Zti?\2(” +2^

*^3

4 2 2 {(Æ)2+ W ) 2}

*^5

m2(n-\-\) I
4 2 2 {(«?)2+ « ) 2} ?z(4/z2-—lj I
72^ 1 772=1

72^ 1 772= 0

2(71+3)

(2zz + 1 )2 (2^ + 3)

W

/7>\2ra-1| /<A2(”+2>
\r/
yi/

j

Here we have ignored
This is corrected for by multiplying the terms
nm as follows:
(a)
S2'20 and S2 2i by 0 50;
W St,10, S2, 30 and S3, 10 by 0-78;
(e) St,20, S2, 40 and Sz, 2o by 0-90.
The Schmidt coefficients for epoch 1955 are tabulated by Finch & Leaton (1957). The sums
corrected for

KN
are designated by a superscript
—S(f — 0-29 e.m.u.,
-5^ — 3-75 e.m.u.,

so that

. If they are cut off at

= 6 we fin

— 0-58 e.m.u.,
S5 = 0-49 e.m.u.,

S = 2 Sjj?*+S5 = 5-40 e.m.u.
*=1

Se«ing
we get, using (19) and (20),

r acc. + r rct. = 0 ,

7T(riXo^5^

=Mdz

( 22 )

This expression gives a value of
Ml
arger than that obtained in Bullard’s model (6) by a
factor
^ \ 6(i + # 5/g5) r ,
1-6 .
M (F ) -2 yd)
{ l - b 5/c5)L 7 g°i w
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—0T80deg/yr — 10~10s_1 and take j ~ 10 9e.m.u., we find
M ~ 0-2G.
(23)
Bullard specialized the non-uniform rotation of the core’s interior by a discontinuity in
angular velocity at
r
—a (our notation reverses the b of Bullard’s paper). Refer
paper (1950, p. 89) shows that (23) corresponds to a maximum toroidal field
in the core,
on the surface
r = oa,f strength
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ojm—o)2

(24)

(taking
a~
3 x 10~6e.m.u. and
a\b 0~-80). Such a large toro
incompatible with the stability of the geomagnetic dynamo, as shown by Rikitake (1956).
Reversing the argument, we can submit the existence of the westward drift as evidence for
a very large toroidal field in the core. It should be pointed out here, however, that the
argument from (23) to (24) is probably grossly oversimplified, in view of the complicated
pattern of turbulence in the core, governed by Coriolis and magnetic forces.
Either side of (22) certainly sets a rough upper limit on the order of magnitude of the
unbalanced electromagnetic couple available to act on the mantle
—7T<r1Xob5S

0~-86 X 1025dyncm.

Elsasser & Munk (1958) have shown that if such a couple acted about an axis inclined to the
rotational axis, it would be inadequate by a factor of 105 to effect the exchange of angular
momentum between core and mantle required to account for the observed pole migration
in the last 50 years.4
4 . P er t urbatio ns

of th e m a n tle - core c oupling

41. Changing core motions and irregularities in the earth's rotation
After the secular deceleration of the earth’s rate of rotation due to tidal friction, and the
seasonal variations in
o)m
due to atmospheric changes, are removed, there remai
fault in the earth’s time-keeping. The length of the day is subject to irregular fluctuations,
once thought to be intermittent and catastrophic in nature, but shown by Brouwer (1952) to
be capable of representation as a series of random cumulative changes. The rate of change
of (i)m
is such as to lengthen or shorten the day by a few milliseconds in a decade. Munk &
Revelle (1952) concluded that changes in the motions in the fluid core offered the only
reasonable geophysical possibility for causing these irregularities. They suggested that the
electromagnetic coupling of the mantle to the core, invoked by Bullard to explain the west
ward drift, could effect the requisite transfer of angular momentum between the core and
the mantle. Further weight was given to this suggestion by Vestine (i953)> wh° matched the
changes in the rate of westward drift over a 60 yr period with an inverse pulse in the length
of the day, observed during the same time.
An appeal to the conservation of angular momentum of the core-mantle system provides
a quantitative demonstration that a small change in the observed rate of westward drift is
compatible with the observed changes in the length of the day. Suppose that the entire fluid
core moves as a rigid body during the change (most of the core’s rotational inertia is in the
outer layers), then

4iA<t>m+ / cA<y2 — 0,
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where the moments of inertia of the core and mantle are, respectively (Elsasser & Takeuchi
J955)
Ic — 8*5 x 1043gcm2,
Im— 7*2 x 1044gcm2.
The change in the length of the day is

Downloaded from https://royalsocietypublishing.org/ on 26 May 2021 by m.b.taylor@bristol.ac.uk

AT =

--^A o )m=*

where
I = Ic+ Im.
A decrease in the rate of westward drift by one-tenth of its steady-state value therefore
lengthens the day by 13 ms.
Elsasser & Takeuchi showed that a reasonable change in the size of the toroidal field ( ) at
the core boundary was sufficient to provide a net couple on the mantle of the magnitude
required to effect this transfer of angular momentum: in our notation their argument is that

ImA*>JAt = &g°ltPAM
so that if
A T /A t~ 13 ms/decade,
AM
0~-05 G, a fracti
Such arguments as these ignore the question of how rapidly the mantle responds to a
change in the strength of the electromagnetic coupling at the core boundary. What happens
when, through some disturbance of the velocity field in the outer core, the strength of the
magnetic field just below the core boundary is changed ? Obviously such a change results in
a change in the size of the toroidal fields induced at the core boundary. As this change
diffuses through the mantle, the mantle is subject to a change in the restoring forces provided
by the toroidal-poloidal interactions. Consequently, it is also subject to a disturbance in
angular velocity, consistent with the requirement that the angular momentum of core plus
mantle remain constant. By Lenz’s law this disturbance in
is such as to reduce the
production of excessive toroidal fields at the core boundary, and bring the mantle into
equilibrium with the core once more. The problem of the mantle’s response is a complicated
one, as it combines in a non-linear way the mechanical problem of the mantle’s motion
under an applied couple changing with time and the electromagnetic problem of the
diffusion of changes in field strength through an accelerated mantle.
Bullard
etal. (1950, p. 90) quotes without derivation an expression for the time constan
of the electromagnetic coupling between core and mantle, the time for
to reach within
e-1 of its new equilibrium value following a step-function disturbance in the coupling.
In our notation, neglecting
crjawith respect to 1,
Tj M 4 ( r / ¥ (i
16
I7
rV 5
(1
Bullard rejected the possibility of accounting for the observed irregularities in
in the
fashion just described, concluding that the coupling was not sufficiently tight for a reasonable
change in field strength at the core boundary to register a change AT of a few milliseconds
within a decade. The difficulty lay in his assumption that
10~10e.m.u., which gives
t ~ 500 yr.
It was not until Runcorn (1955) considered the problem of the conductivity of the lower
mantle in further detail that the difficulty was to some extent resolved. Runcorn pointed
out that significant changes in the rate of secular variation establish themselves at the surface

'
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of the earth within at most a few years, and that this provides an argument for an upper
limit to the conductivity of the lower 2000 km of the mantle, of about 10~9e.m.u. With a
higher conductivity the disturbances in field strength that take place at the core boundary
would be masked for too long a time by the slow decay of the opposing eddy currents they
induce in the lower mantle. This limit is below the upper limit set by a skin-depth argument
similar to that carried out for the core. Runcorn’s conclusions are supported by the detailed
investigation of the distribution of electrical conductivity with depth in the mantle, carried
out by McDonald (1957) and referred to in table 1. The data on the secular variation permit
us therefore to increase by a factor of 10 the coupling provided by Bullard’s mechanism, and
so make it reasonable to ascribe the irregular changes in the length of the day to random
fluctuations of the state of motion in the core.
Obviously the additional coupling provided by the rough, non-dipole magnetic topo
graphy at the core boundary will hasten the response of the mantle to changes in the
magnetic-field regime in the outer core. We now investigate in rigorous fashion the mixed
mechanical-electromagnetic problem posed above, using the coupling mechanism
described in §3. To render the problem linear, we consider only first-order perturbations
from the steady-state angular velocity and field strength.

4 2. Linearization of the mixed mechanical-magnetic problem
Suppose that, beginning at time
t= 0, the steady-state equ
disturbed, owing to a change in the strength of the magnetic field penetrating the core
boundary. During the disturbance the angular velocities of the mantle and outer core are
and
respectively. Here the superscripts (0) and (1) denote the steadystate values, and deviations from them, respectively. It is convenient, and the invariance of
Maxwell’s equations under uniform rotations allows us, to take our frame of reference as
rotating uniformly with angular velocity
as in §3. An observer stationed in this frame
finds a magnetic field in the mantle of magnitude
H = H<°>+Ha>,
H<°>= I 2 ( H & + H & ) e - ” V

where

n ^ l m —0

(in complex representation). Here the field present in the steady state has had its time factor
separated for later convenience, and the extra field seen during the disturbance is H(1).
The first-order perturbation equation resulting from (7) is
(26)
The last term on the right-hand side of (26) arises because the mantle sweeps past the steadystate field with an additional angular velocity
during the perturbation, and so is subject
to an extra electric current induced by the steady-state field.
The interactions among themselves of the steady-state fields contribute, of course, no net
couple on the mantle. To the first order, therefore, the equation of motion of the mantle
during the perturbation is
Im^ ~ =

I

rsin0dF[^(H<°>) x ^(curlH ^)+^(H <1>) x «(curlH<0))]^

(27)
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We now suppose that the disturbance does not affect the dynamo action deep inside the
core and write the conservation of angular momentum

Downloaded from https://royalsocietypublishing.org/ on 26 May 2021 by m.b.taylor@bristol.ac.uk

== 0.

(28)

In order to provide for disturbances of a delta- or step-function character, and to avoid
the thorny questions of convergence, term-by-term differentiability, etc., that arise in a
classical analysis of the time-dependent perturbation problem, we solve the problem using
Fourier transforms and the concept of the 1generalized function ’ developed by Schwartz
(for a description of the method see Lighthill 1958).
4 3. Penetration of the mantle by disturbancefield
It is not difficult to show that (26) allows us to represent the first-order perturbation field
in the mantle as the sum of poloidal and toroidal fields of different zonal and tessera!
character:
n
H<>'= I 2 (H & + H & ,),
n^l m—0
where

= - r ~ CurlcurlH <
(l?)„m- i m < H ||,,„„e-i”V.

(29)

We define the Fourier transforms
3r®nm =
0.{p)—

J

(Jf* cipi dt.

Then if we write
X(£)nm

(

&

)

k\ = k2-f- 4tt(71
and make use of (8), the Fourier transform of the magnetic diffusion equation (29) reduces to
curl curl X —ÆfX.

(30)

We shall suppose the disturbance field at the surface of the Earth has a radial component
*n%m\r-4

=

~(n+l)(b/d)^F^\t)Pnme ^ - x f i .

Physically, of course, any perturbation reflects a disturbance of the eddy structure in the
upper core. Our simple model, which does not consider the magneto-hydrodynamics of the
core, does not permit us to take this into account in any consistent way, i.e. to relate to one
another the perturbations
tt(1)
xraxa)
“ Phot)
0
just below the core boundary. Instead we simply assume that we are given the disturbance
in the toroidal field of type (a) at the core boundary,
(31)
and the first-order perturbation in each of the poloidal harmonics there, such that
= - («+1) [GPnm(t)

(32)

n

T H E E A R T H ’S R O T A T IO N

547

Downloaded from https://royalsocietypublishing.org/ on 26 May 2021 by m.b.taylor@bristol.ac.uk

In (32) a distinction is made between the disturbance field due directly to changes in
strength of the centres of non-dipole field—GPnm(t)—and the extra field described by the
observer as the centres of non-dipole field move (attached to the perturbed outer layers of the
core) with additional angular velocity
(o^past the reference f
(st) Poloidal harmonics
A comparison of (8) and (30) shows that in the conducting part of the mantle, XPnmis
obtained from the exact expression for the time-independent part of the steady-state field
H(0
P n)m
given in §3T, by replacing

LP nm

eimy Isteady

kand

F 'nm
by ^ and j / nm(/>)respectively. To satisf

^nm(P)=

^nm(P)^Pnm(P) +1

where we have defined the Fourier transforms
& e„M = s_ „ GPnJl) eiz"d<,
a-(P) = J
and the quantity

<!'(<) I e ‘P‘ d t ,

[^nm{P)Yl=

Continuity at

r=
L M

=

%n(b/c)n+

cis ensured by having
e*di =

s / nm(p) +™p c

Taking the inverse transform of this last equation gives
W ) = 4 f _ „ Gp""-W

^ wa^j l e-w"iudp
+ * r } ^ ,wdAJ_„
dA (33)
mF'

Cl

r

e -ip (t-\)

Once the operations requiring the use of generalized function theory are completed, we cut
off the doubly-infinite integration over the variable time parameter Aat A = /, since ‘future'
perturbations have no physical effect on
The three terms of (33) are respectively
due to:
(1) the penetration into the mantle of a change in the strength of the magnetic field in
the core;
(2) the creation (in the observer’s frame of reference) of extra field due to the additional
rotation tdp given the non-dipole field centres;
(3) the screening of steady-state fields due to the extra angular velocity
of the mantle
past these fields.
As soon as a perturbation in field strength is introduced at the core-mantle boundary,
induced currents flow in the bottom of the mantle in such a way as to oppose the penetration
67
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of the mantle by the excited field. These eddy currents decay in a time proportional to the
square of the dimensions of the excitation, i.e. to the square of the ‘ wavelength' of the excited
mode. The higher the harmonics excited, the more rapid the decay of these eddy currents
and the faster the excitation penetrates into the bottom of the mantle. The same thing
happens all the way up through the conducting part of the mantle; a disturbance at
registers immediately at the top of the mantle. Consequently an excitation in the higher
harmonics registers at
r = dm uch more quickly than one in the lower harmonics.
Runcorn (1955) refers to observations on sudden changes in the rate of secular variation,
which become effective within about 5 years. Clearly these phenomena are described, in our
model, by (33). It can be shown, using the results of §4-5, that the second and third terms of
(33) are small compared to the first, for reasonable perturbations in field strength and
durations in time of a few decades. The time required for penetration of the mantle by
disturbance field is clearly determined by the poles of
at
Pnm, j = —

i(Al

J ^ b ) Y ^ c ) - J ^ e ) YnH{kxb) = 0

where the roots of

form a real sequence ^ nm,
j U ~ 1,2, 3,...). Extending the contour of integr
circular arc of infinite radius in the lower half of the complex /--plane, we have
K (m(t) ~ - i

f

V -co

&PnmW eim*0(<~A)dA x £ (residueof£ nm at pnm .) e-0-Wrmn.j
j> 1

where we define

, „
477(71
'nm , j

TL

Y2 "
V ^l, n m , j )

It takes a time of order Tnm l for a step-function disturbance, applied at the core boundary
at t
—0, to register appreciably at the top of the mantle. An upper limit to this ‘registry
time’ is given by r 10j l. With the geometry of our model of the mantle,
A, 10,1 — 0-94 x 10-8cm-1.
If tio,i < 5yr, then al < 10_9e.m.u. This argument is no different in principle from that
given by Runcorn (1955), who considered the penetration of a semi-infinite mantle by a stepfunction disturbance applied uniformly at the plane boundary.
(b) Toroidal harmonics generated at the core boundary
Invoking (3) and (28), and neglecting crlj(r with respect to 1, we have
(i)
m= 0
I (dl)
2 Jr [rH^TNo\r=b+= 4770-1
sin ^ /yxi)
1"Lr, 0 . J ZUL 7V7X0) 11 r, Pn
l c A0

-I
■1

(ii) m # 0
I iV(JV+1) Jf

W e W

n2i Ht' ^ ~ T c

where N =
n±1. Comparison with §3-1 shows that the transform field XAU is obtained from
the expressions (11) to (14) for
H (0)a

=

miemV Isteady
N
^T
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k,C£nN™, KN and F'nmby

kuB ^ ( p ) ,
n(
P)=

and

^Pnm(P) + lm ~s a{P) F'nm (t + H~)
\lc

jV

'

ziO
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respectively. Numerical calculations, using the value of —p obtained from §4*4 show that
for all m and for
N>1 we can neglect |JfN(p) | with respect to
and that

*^1(l) Im=0~ ^1

(P
)m
I =1~ —I(\^ n(P)\ is smaller than
\KN\because the boundary condition at
important for diffusing than for steady-state fields, where its effect has had time to fully
influence the distribution of field strength below
(c) Perturbations in toroidalfield
(a)
The disturbance (31) diffuses through the lower mantle without screening, and the
transform field
/ / ( T t^22(^l r) ^^20
(a)
T20
^ [p)bJq{kfib)~W'(p) — J

where

APl\t)

4 4. Time constant of the mantle-core coupling
Taking the Fourier transform of (27) we have
=
where
1

n~2

(34)

P

2 2 (l+ A J

1077 n>3 m=0J S c

and

I

s,
k=1

rsin

(&2to ^4 are obtained in an analogous fashion indicated in §3 2,
«S = ~
*■,= 4

f

I
2
r sin 6 dS [//%„„ 3f*enm+ 3f*PnmH f Pnm+ c.c.]r„t,
1077n>lm=l J Sc
47r

2

s

n = l, 3 J Sc

We note that the complex conjugate of a Fourier-transformed quantity is obtained by
replacing (im,
ip)by ( —im,i/>).
Using the results of §4*3 we find that
n —2
r J/ F'nm F'*
\ -i
n —2> m j
V V F
P,w2,ro
L P n m \ T , n —\ , m
_ In—1—JO i,/
3 m=0
i m
f l f £ 2, m
I. Xo
and <^2—1^4 can be written down immediately by inspection. We have ignored the contribu
tions to ^ —
*^4 due to the ponderomotive interactions with steady-state fields of:
(1) the extra field created in the observer’s frame by the perturbation o f given the
rotation of the field sources in the upper core;
I f n -l-K U

67-2
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(2) the shielding fields induced from steady-state fields by the additional angular velocity
L-w of the mantle. Neglect of these effects removes from the summands of j-^4 terms
proportional to
/ / . n(6)\ n,
Ppm
) ? — - — I 77Z11
LP « m ; 7Wm
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P /
Such terms can be shown, by a numerical calculation using the — obtained at the end of
this section by ignoring them, to contribute negligibly to the tightness of the mantle-core
coupling in comparison with the terms proportional to
/

p

T

■*£

which we have retained.
To the same approximation
5

= jL,2 jL,2

n > 1m=l

AO

1P n m \ T N m •

(P) +
YP^
4:77(7j
xF'
nm

P n m ;P n m

1 Ti
SP
L1-W J I

'(*■*)

where
Also

v

K(P) = ^ r \ K b )
v

2

( s + l ) ^ , » [-*(/>) F * +

where /„0
20^ given by (17).
‘n0, 20
The inverse transform of (34) yields the following expression for the perturbation in
angular velocity of the mantle as a function of time
Um(t)

1 r

ru r

*(*>*) ®~*M) dp,

(35)

2 7 r J _ o o ° A J -co

where the integration over Ais again cut off at A = Ho obtain a physically meaningful result,
once inversion is completed. We use (A,
p)to designate the sum of t
from
(1) to (4) ^ —#4 by removing the terms proportional to
T
Ac

a,

L P n m \T N m

L m rj -

a0

and replacing
&pvm(P
)by GPvm{X) throughout;
(5) ^ by replacing &Pvm{p) by GP„m(A) throughout;
(6) *^6 by replacing
^ [ p )and &Pvo(p) by ^ (1)(A) and 6^>y0(A), respectively.
Here

/c=l

W = u a ^ b * 2 Sk,(36)

where the
Skare the sums (uncorrected for KN) given in § 3 2. The sums
are found using the analysis of the earth’s field due to Finch & Leaton (1957)

cut off at

Sx= S4 = 0*38 e.m.u.,
In writing (36) we have ignored ^ N{p)—the effect of taking it into account is to reduce the
tightness of the mantle-core coupling by 1%.
Qualitatively it is clear that a decrease, say, in the poloidal field strength weakens the
retarding couple on the mantle, so that the mantle must accelerate to a new equilibrium

6

S2 =
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angular velocity. The rate of this acceleration is governed by the rate of change of field
strength appearing explicitly in the expression
and by the tightness of the electro
magnetic coupling of the mantle to the core, which we now investigate.
To evaluate
dp
(37)
(IW{Icx o - W
we complete the path of integration by a semi-circular arc of infinite radius drawn in the
lower half of the complex /--plane, and use the theory of residues as in (33). Physically this
procedure is indicated by the stability of the equilibrium between core and mantle, which
requires that the poles of the integrand of (37) be at points p such that
decays in time.
Insofar as
W(
corrected for
^ (P ))
18a function o f t h e req
the roots of
IWIIcx0- ip I m= 0.
However, the roots of (38) are so tightly clustered about
P= —177-

7ral b5£ Sk
1c 1m

(39)

1

that with an error of less than 1% we may regard all the poles as coalescing into one at
p = p . Then (37) reduces to
(277/4)
<?(KP)
(40)

where

is the time constant of the mantle-core coupling.
If we take ^ N{p) into account, the terms
S2y20and 21
terms are only negligibly affected. The resulting value of r is increased by 1% over the value
given by (40). At this point we may also return to examine, and verify using the approxi
mations made earlier in this section and in §4-3
Physically speaking, we would expect the time constant of the coupling to have different
values according as the coupling was effected by the presence of a poloidal dipole, quadrupole,.. .field at the core boundary. In the presence of a field made up of all these harmonics
we would then expect to find the mantle’s response to a step-function disturbance in the
coupling to be a complicated function of time, taking into acount all the different time
constants provided by the different independent couplings. The substance of our investiga
tions is that the actual response of the mantle to such a disturbance is well characterized by
a single ‘smeared-out ’ time constant given by (40).
Obviously the tightness of the coupling is very sensitive to the value assumed for <q.
Setting (T1
~ 10 0e.m.u. we find
t5
2~ry.
This result will not be much reduced by taking into account the remainder of the earth’s
field (the harmonics
n>6).
If the earth’s magnetic field is approximated by the main dipole, (40) reduces to
rB = Ijj s {n<rib5SStl0) 1

1

16 I

(41)

nal\d)

The discrepancy between (25) and (41) is probably due to Bullard’s approximate treatment
of the problem, neglecting magnetic diffusion, in which ^s2| >n=o> rather than
)|
appears. For
trl~ 10~9e.m.u., rB~40yr.
67-3
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(2) the shielding fields induced from steady-state fields by the additional angular velocity
cjMof the mantle. Neglect of these effects removes from the summands of <
^’1—
^ terms
proportional to
I.
Pvm
P n m ; TNm
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Such terms can be shown, by a numerical calculation using th — obtained at the end of
this section by ignoring them, to contribute negligibly to the tightness of the mantle-core
coupling in comparison with the terms proportional to

im
Jc

which we have retained.
To the same approximation
«’5 = I

Pvm
LPnm \T N m •

Xo

^ P n m (P )\ _j__

2 r ‘Pnmin, j *
1m=l

K m

where
Also

H

/

1

^Tia^mxob 2

K(P)
b3

1

72=1,3

(« +

1H

o , 20 K G > ) ^ 0 +

M%M

where /n0>20 is given by (17).
The inverse transform of (34) yields the following expression for the perturbation in
angular velocity of the mantle as a function of time
(i)/ ,\
()

A) .
s*r
dAJ i n v f c x ,- \ P Q dp’

i
2J

(35)

where the integration over Ais again cut off at A —2to obtain a physically meaningful result,
once inversion is completed. We use $ (A,/?) to designate the sum of the expressions obtained
from
(1) to (4)
by removing the terms proportional to
/ Q(/>)

p

T
1c

APnm; TNm

zx,

Pym

a0

and replacing @pvm{p) by GPm(A) throughout;
(5) <T5 by replacing ^Pm(/>) by GPm(A) throughout;
(6)
by replacing Jt(p) and
Here

&Pvo[p)by ^#(1)(A) and C^v0(A), res
W-

1

A=1

where the
Skare the sums (uncorrected for
are found using the analysis of the earth’s field due to Finch & Leaton (1957)

KN)given in §3

Sx = S4 —0*38 e.m.u.,
In writing (36) we have ignored ^ N{p)—the effect of taking it into account is to reduce the
tightness of the mantle-core coupling by 1%.
Qualitatively it is clear that a decrease, say, in the poloidal field strength weakens the
retarding couple on the mantle, so that the mantle must accelerate to a new equilibrium

S2 =
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angular velocity. The rate of this acceleration is governed by the rate of change of field
strength appearing explicitly in the expression <f(A,/>), and by the tightness of the electro
magnetic coupling of the mantle to the core, which we now investigate.
To evaluate
(37)

we complete the path of integration by a semi-circular arc of infinite radius drawn in the
lower half of the complex
p-plane, and use the theory of residues as in (33).
procedure is indicated by the stability of the equilibrium between core and mantle, which
decays in time.
requires that the poles of the integrand of (37) be at points p such that
Insofar as
W(
corrected for JfN(p)) is a function ofp, the required poles are many, located at
the roots of
IW /Icx0- i p I m = 0.
(38)
However, the roots of (38) are so tightly clustered about
P = —i

4

(39)

that with an error of less than 1% we may regard all the poles as coalescing into one at
p = p . Then (37) reduces to
(2tt/ / J
£(KP)
(40)

where

is the time constant of the mantle-core coupling.
If we take ^ N{p) into account, the terms £2, 20 and §2,21 are multiplied by 0-60 and other
terms are only negligibly affected. The resulting value of t is increased by 1% over the value
given by (40). At this point we may also return to examine, and verify using the approxi
mations made earlier in this section and in §4-3
Physically speaking, we would expect the time constant of the coupling to have different
values according as the coupling was effected by the presence of a poloidal dipole, quad
ru p le , .. .field at the core boundary. In the presence of a field made up of all these harmonics
we would then expect to find the mantle’s response to a step-function disturbance in the
coupling to be a complicated function of time, taking into acount all the different time
constants provided by the different independent couplings. The substance of our investiga
tions is that the actual response of the mantle to such a disturbance is well characterized by
a single ‘smeared-out ’ time constant given by (40).
Obviously the tightness of the coupling is very sensitive to the value assumed for <rv
Setting cr1 ~ 10-9 e.m.u. we find
t5
2~ry.
This result will not be much reduced by taking into account the remainder of the earth’s
field (the harmonics
n>6).
If the earth’s magnetic field is approximated by the main dipole, (40) reduces to
7b — ~£j m i 71# i b5S 3' io) 1

(41)

The discrepancy between (25) and (41) is probably due to Bullard’s approximate treatment
of the problem, neglecting magnetic diffusion, in which | m=0» rather than
Im-o>
appears. For <r1~ 10 9 e.m.u.,

rB~ 4 0 y r.
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The mechanical effects of the non-dipole part of the earth’s field are strong enough to
increase the tightness of the electromagnetic coupling of the mantle to the core by 60% over
that afforded by the coupling mechanism considered by Bullard. Moreover, the tightness
of the coupling depends overwhelmingly on the attempt of the mantle, in obedience to
Lenz’s law, to reduce the production of excessive toroidal field at the core boundary, and
hardly at all on its attempt to overcome the screening of the fields produced in the upper
core and taking part in the westward drift.
4-5. Irregularities in the length of the day
The change in the length of the day, as a function of time, is obtained from (35)
AT(t) =

s' <?{*.,$) e-t'-W'cM.
J

—°o
The complete formal expression for«f (A,j
b),defined in §4-4, is in ge
It may be somewhat simplified by noting that when
and ^ N{p) are comparable with N,
they are real or have only a negligible imaginary part, and that to a good approximation

Then
*Q > ?)

n(riXt)b5

g

v

y

S ic )

i,io

M

_

%

4’"m a i F L K i i J

n~ 1

2 ffira+^2, J

+

2

v

i

O

ii„ %

^[G pnm W K S

2 m=0

+2 I

J

® [ F L G ? . „ + 2, d m

4' "

;*2„„i

1 1m=0 2
7i^

[Sg

GpnmW'
*Fn’m
-J

I S6,

n ^ l m —1

We shall in this paper restrict our attention to (i) step-function disturbances, (ii) linear
changes with time in field strength, applied at the core boundary beginning at
0. For
simplicity, suppose the disturbances are such that
(n =1),
(i)
Gpnm(l)
xF'n m (n > 1),
As<»(f) -- yM,
(ii)
Gpnm(f) = 0
{n= 1),
=
(xtM (K
m» > 1 ) ,
M ^{t) = (yt/r)
M,
where x and y are real fractions. Then after some algebra it can be shown that in both cases
# ( t,P) =
In case (i)
and in case (ii)
a

o™- “ Æ . 'f o R U
-m
0
t

Tsalx0b5(Z-51xm - t-h

e

-

*

)

(42)
(43)

A comparison of harmonic analyses of the geomagnetic field made at 10 yr intervals
(Vestine, Lange, Laporte & Scott 1947; Finch & Leaton 1957) establishes that the
assumption made for the steady-state calculations of§ 3T, namely
2= constant for
each zonal and tesseral harmonic, is quite good. In a decade the change in strength of most
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of the non-dipole harmonics is of the order of 10%, or less. This sets an upper limit to the
factor
x,namely x —OT in case (i) and x —0 25 in case (ii). It seems unlikely that the
amount of toroidal field
(a)reaching the core boundary could change by m
10% in a decade, since this change would result from whatever changes in the velocity
field affect the non-dipole poloidal field. For the greatest effect, = — Disturbances of
this magnitude are consistent with the restriction to first-order perturbation theory within
times of the order of a decade or two following onset.
With these values for the disturbance field,
AT (10yr) ~ 0*6 ms in case (i),
^ 0 3 ms in case (ii).
A mean electrical conductivity in the lower mantle, or1~ 2 6 X 10~9e.m.u. is within the
limits of error of McDonald’s (1957) estimate. This would reduce the time constant of the
mantle-core coupling to 10yr. For perturbations x — — — 0T,
AT (10yr) ~ l-2ms in case (i),
~ 0-7 ms in case (ii).
These simple examples lead us to conclude that the transfer of angular momentum
between core and mantle, electromagnetically coupled by the mechanism here discussed,
can indeed be invoked to explain the irregular changes in the length of day taking place at
the rate of a millisecond per decade. A more rapid rate of change in the period of the earth’s
rotation, of order OTms/yr, has recently been observed (Essen, Parry, Markowitz & Hall
1958). To account for this rate of change using the above models we require a much tighter
coupling, with
<rl ~ 6-10 x 10_9e.m.u. This seems excessive in the light of the
table 1, and would gravely attenuate the secular variation. It thus appears difficult to
ascribe so rapid a rate of change in the length of the day to a change in the coupling of the
mantle to the core.
In the absence of any other likely geophysical cause for the irregular millisecond/decade
rates of change in the length of day, the arguments here presented may be reversed to give
a lower limit of about 10-9 e.m.u. to the mean electrical conductivity in the bottom 2000 km
of the mantle.
5.

C onclusions

In this paper the intimate connexion between motions in the earth’s fluid core, producing
and modifying the geomagnetic field, and the rate of rotation of the electromagneticallycoupled mantle has been examined with the aid of a model resting on several simplifying
assumptions. For instance, the large toroidal field generated in the deep interior of the core
may not reach the core boundary with anything like simple quadrupole symmetry. The
eddy regime in the core which would distort this toroidal field is also responsible for the
spatial production of non-dipole field and the consequent westward drift of different
harmonics at different rates, and at rates which change with time. To attempt to take these
different rates into account, and to discuss the transfer of angular momentum to a convecting,
non-uniformly rotating core, would enormously increase the difficulties of the analysis and
would be superfluous without more detailed knowledge of the magneto-hydrodynamics of
the core.
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Runcorn (personal communication) has suggested that the westward drift is really a
transient phenomenon. From §§2 and 4 of this paper it is clear that as long as the present
polarity and strength of the main dipole are maintained by a dynamo process of the kind
envisaged by Elsasser, Bullard and Parker, there must be a westward drift of the upper
layers of the core past the mantle. If there is not, an electromagnetic couple of some
1025dyncm will act to bring about a westward drift within a few decades.
Vestine (1953) examined the rate of westward drift of one feature, the pole of the eccentric
dipole field, and found it to change by as much as 30% in a decade, while the length of day
changed by almost 2 ms. This is about twice as great a change in the rate of westward drift as
the simple model of §4-1 would predict for the same change in the length of day. The
discrepancy could be removed by abandoning the rigid-sphere model for the core and
supposing that only the upper layers (say 500 km) of the core exchange angular momentum
with the mantle, while the deep interior remains relatively undisturbed in its motion. This
would result in a change in the strength of toroidal field
generated within the core, which
we must assume could be sustained by the dynamo. The reduction in Ic would also tighten
the coupling of the mantle to the upper core by a factor of two, but this would not make
easier the explanation of the recently observed rapid rates of change in the length of day.
The reductions in
Ica nd r cancel one another in the expressions (42) and (43).
With this reduction in Ic both the observed and theoretically predicted changes in the
rate of westward drift are not greater than 30% of the mean rate in times of the order of r.
Provided we restrict ourselves to times within an interval of this duration it should be
satisfactory to assume, as in the present model, a westward drift subject to small perturba
tions from an equilibrium rate equal to the mean rate of drift during that time. It is to be
hoped that determinations of the rate of westward drift of the non-dipole field at decade
intervals will become available in the future.
In §4-3 b ewfound that the diffusion into the mantle of toroidal field produced at the core
boundary is not much affected by the boundary condition at r = in other words by the
distribution of electrical conductivity far above the bottom of the mantle. This is reflected in
the insensitivity of r to ^ N{p). The tightness of the coupling, given by (40), is then deter
mined primarily by the electrical conductivity in a relatively small thickness of the mantle
just above the core boundary. McDonald’s best estimate of the conductivity of the mantle
at the core boundary is 2-2 x 10-9 e.m.u., but it may be higher by a factor of two or three
(McDonald 1957). This would enable us to attribute the very rapid rates of change in the
rate of the earth’s rotation, discussed in §4-5, to perturbations in the electromagnetic
coupling of the mantle to the core. It should not be difficult to extend the present model to
take into account the variation of conductivity with depth in the lower mantle, so as to test
this conclusion.
This paper constitutes a Ph.D. dissertation for the University of Utah. Most of the work
was done at the Scripps Institution of Oceanography, La Jolla, California. The author
wishes to thank Professor W. M. Elsasser for his initial suggestion of the problem, his constant
encouragement and helpful criticism. His thanks are due particularly to the National
Research Council of Canada for a Special Scholarship, and to the Office of Naval Research
and the Institute of Geophysics of the University of California, for additional support.
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