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a b s t r a c t
This work investigates the modal properties and parametric instabilities of high-speed
spur epicyclic and planetary gears with an elastically deformable ring. Coriolis (i.e., gyroscopic) and centripetal acceleration effects are modeled. The gyroscopic effects lead to
complex-valued (i.e., traveling-wave) modes. These modes fall into three categories: rotational, translational, and planet modes. Each category has highly structured modal deﬂections. The modal properties are proved analytically by discretizing the elastic ring such
that the system falls into the class of general cyclically symmetric systems with proven
modal properties. Such a proof readily extends to helical planetary gears with any or all
of the sun, carrier, and ring modeled as elastic bodies. The time-varying sun-planet and
ring-planet mesh stiffnesses are the sources of parametric excitation. The conditions where
combinations of the mesh frequency and mesh stiffness amplitudes cause parametric instabilities are determined in closed form with the method of multiple scales. The analytical results agree with numerical results from Floquet theory. Many potential parametric
instabilities are suppressed. A rule to determine whether a given potential parametric instability is suppressed or not is given. The rule is closely linked to the modal properties
noted above and the planet mesh phasing parameters (sun and ring tooth numbers and
number of planets).
© 2020 Elsevier Ltd. All rights reserved.

1. Introduction
Throughout this work, the term planetary gear is used even though the model and analysis allow for arrangements where
all or any two of the sun gear, carrier, and ring gear spin.
Planetary gears in high-speed applications have thin ring gears to reduce weight. These thin ring gears deform elastically
when transmitting power, as demonstrated in experiments [1–4]. Coriolis and centripetal acceleration effects become significant in high-speed applications. A primary excitation of gear vibrations is the changing tooth mesh interactions as the gears
rotate. This ﬂuctuation is modeled as time-varying mesh stiffnesses that parametrically excite (i.e., time-varying system parameters) the gear system. Such excitations cause large amplitude resonance-like vibrations when the mesh frequency is
close to twice a natural frequency, the sum of two natural frequencies, or a natural frequency. Because the excitation is
from a ﬂuctuating parameter rather than direct applied force or torque excitation, we refer to these as parametric instabilities (also known as parametric resonances). This work investigates the natural frequencies, vibration modes, and parametric
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instabilities of spur planetary gears with an elastically deformable ring and gyroscopic (i.e., Coriolis) and centripetal acceleration effects.
Planetary gears have highly structured modal properties due to their cyclic symmetry. The modal structure was observed
ﬁrst from lumped-parameter models where the sun, carrier, planets, and ring are treated as rigid bodies. Botman [5] and
Kahraman [6] identiﬁed modal properties for three- and four-planet systems, respectively. No general conclusions were derived. Lin and Parker [7,8] identiﬁed the modal structure for general spur planetary gears and proved there exist exactly
three categories of modes: rotational, translational, and planet modes. Ericson and Parker [9] conﬁrmed this modal structure in experiments. Cooley and Parker [10] proved that the modal structure persists for planetary gears with gyroscopic
effects, but the real-valued modes evolve into complex-valued ones. Shi and Parker [11] derived modal properties of general
cyclically symmetric structures with lumped-parameter central components having planar vibrations, which include planetary gears. Dong and Parker [12] extended that derivation to cyclically symmetric systems with central components vibrating
as three-dimensional rigid bodies, generalizing previous helical planetary gear results in [13].
The modal properties of planetary gears that have lumped-parameter sun, carrier, and planets coupled to an elastically
deformable ring gear were investigated by Wu and Parker [14,15]. They grouped vibration modes of equally-spaced systems
[14] into rotational, translational, planet, and purely ring modes. The discrete motions for the rotational, translational, and
planet modes are similar to those in [7], and the elastic ring has speciﬁc deformations associated with each of the three
categories of modes. The purely ring modes have only ring deformations, and all the discrete motions vanish. For systems
with diametrically-opposed planet pairs [15], only rotational and translational modes exist. Refs. [14,15], however, ignored
the gyroscopic and centripetal effects that make the vibration modes complex-valued, which restricts those works to lowspeed systems. In addition, that elastic ring model has only inextensible bending deformation.
The elastic-discrete planetary gear model developed by the authors [16] is adopted in this study. All Coriolis and centripetal effects are included. The elastic ring model includes bending, extensional, and shear deformations as well as rotary
inertia. Some studies [14,17–19] considered only the inextensible bending deformation for an elastic ring, and a few studies
[20,21] employed extensional ring models that have bending and extensional deformations. Fewer studies [22] considered
all three deformation components. For planetary gears with an elastic ring, whether the ring extensional deformation, shear
deformation, and rotary inertia change the modal structure is not yet known. The inﬂuences of high-speed effects have not
been investigated.
The model in [16] includes a concentrated tooth bending moment on the ring resulting from the ring-planet mesh forces
acting at a contact point radially away from the ring neutral axis. Most literature [14,20,23–26] that models gears as elastic
rings ignores this concentrated tooth bending moment by applying the mesh force directly on the ring neutral axis.
Parametric instabilities occur when the excitation frequency or one of its harmonics is near twice a natural frequency
or combinations of two natural frequencies. Not every planetary gear parametric instability that one would initially expect
actually occurs, however. Lin and Parker [27] showed that for lumped-parameter planetary gears with a purely rotational
model certain parametric instabilities vanish under particular mesh phasing conditions, regardless of the form of mesh stiffness variations. Parker and Wu [28] derived an instability existence rule for any two modes in their study of parametric
instabilities of planetary gears with an elastic ring. The instability existence rule depends on mesh phasing parameters (i.e.,
sun/ring tooth numbers and number of planets) and the modal properties deﬁned in [14]. Both of these studies [27,28] used
models without gyroscopic and centripetal effects. The parametric instabilities of planetary gears with gyroscopic and centripetal effects have not yet been addressed.
To obtain the conclusions in the Abstract, this work (a) calculates natural frequencies and vibration modes from an eigenvalue problem of the elastic-discrete model with gyroscopic and centripetal effects in Ref. [16]; (b) compares the natural
frequencies and vibration modes against those from a ﬁnite element/contact mechanics model [29–31] for veriﬁcation; (c)
illustrates planetary gear modal structure with a numerical example; (d) generalizes the structured modal properties to
spur/helical planetary gears with any or all of the sun, carrier, and ring modeled as elastic bodies; (e) illustrates the evolution of vibration modes from stationary to spinning planetary gears with a perturbation analysis; (f) derives closed-form
expressions for the frequencies and amplitudes of mesh stiffness ﬂuctuation that cause parametric instabilities by using the
method of multiple scales and the structured modal properties; and (g) obtains an instability suppression rule from the
parametric instability expressions.

2. Free vibrations
2.1. Model overview and eigenvalue problem
Fig. 1 shows the elastic-discrete planetary gear model for planar motions from Ref. [16], which is summarized below.
The ring gear is modeled as an elastic ring with neutral axis radius R, cross-sectional area A, density ρ , Young’s modulus E,
shear modulus G, and shear correction factor κ [32]. The sun, carrier, and N planets are treated as rigid bodies with masses
ms , mc , and m p and moments of inertia Is , Ic , and I p . In addition to the elastic ring, the ring gear model includes a rigid
body (mass mb and moment of inertia Ib ) at its center to accommodate an input or output member attached to the ring.
This ring rigid body is depicted by the large, shaded circle in Fig. 1. The ring rigid body connects to the ring neutral axis
through a uniform elastic foundation with radial (ku ) and tangential (kv ) distributed stiffnesses per unit arclength of ring
2
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Fig. 1. Schematic of a planetary gear model with a deformable ring.

neutral axis. This elastic foundation models the stiffness of the ring gear supporting structure (or a bearing) that is not part
of the elastically deformable ring-like geometry.
Each central component (sun, carrier, and ring rigid body) has one rotational and two in-plane translational degrees
of freedom that are constrained by a rotational and a circumferentially isotropic translational stiffness representing the
bearings and supporting structures. All planets are identical and equally-spaced, and each of them has one rotation and two
translations, which are constrained by two radially and tangentially oriented translational stiffnesses that are identical for all
planets. The sun-planet and ring-planet mesh interactions are modeled as translational stiffnesses along the line of action.
Although these mesh stiffnesses change periodically over a mesh cycle, the free vibration (i.e., eigenvalue) analysis uses the
average values of the mesh stiffnesses over a mesh cycle. These constant mesh stiffnesses ksp and kr p are the same for all
planets (but ksp = kr p ). The sun-planet and ring-planet pressure angles are denoted as αs and αr . Each ring-planet mesh
force acts at a contact point with a radial distance  away from the ring neutral axis, creating a concentrated moment on
the ring neutral axis [16]. The carrier and ring have speeds c and r , respectively. Speeds of the sun and planets can be
derived from kinematics. There is no constraint that any central component be stationary.
All the coordinates in Fig. 1 are described in the rotating carrier reference frame with speed c . {E1 , E2 , E3 } in Fig. 1 deﬁnes this carrier-ﬁxed basis. The translations of the central components are represented by xh , yh for h = s, c, b in the E1
and E2 directions. Planet translations are described using radial (ζn ) and tangential (ηn ) coordinates. The rotational displacements u j for j = 1, . . . , N, s, c, b are the rotations in radians times the gear base radii R p and Rs for the planets and sun, the
planet center distance Rc for the carrier, and the radius Rb for the ring rigid body. The planets are positioned at ψn with
respect to the rotating basis vector E1 . Without loss of generality, the ﬁrst planet has angular position ψ1 = 0.
The elastic ring deformations consist of the radial (u(θ , t )) and tangential (v(θ , t )) deﬂections of the ring neutral axis
and its cross-sectional rotation angle (β (θ , t )), where θ deﬁnes an angular position relative to the rotating basis vector E1 .
A given value of θ deﬁnes an angular orientation in the carrier reference frame but not a speciﬁc point on the ring gear;
because the ring rotates relative to the carrier, different points on the ring rotate past an angular orientation deﬁned by a
given value of θ .
The deﬂection of the whole system is represented by the vector χ (θ , t ) that combines the elastic ring deformations
u(θ , t ), v(θ , t ), and β (θ , t ) and the discrete motions q(t ) of the sun, carrier, planets, and ring rigid body as


χ = wT


w= u



ph = xh
pn =



ζn

qT

T

,
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T
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Nondimensionalization of the system deﬂections and parameters follows that in Ref. [16]. The dimensionless eigenvalue
problem of the elastic-discrete model is written in extended operator form as

λ2 Mχ + λ(r Gr + c Gc )χ + (K − 2r Cr − 2c Cc − 2r c Crc )χ = 0,

(2)

where λ is the eigenvalue; M and K are extended mass and stiffness operators; Gr and Gc are extended gyroscopic operators;
and, Cr , Cc , and Crc are extended centripetal operators. The term ”extended” indicates that an operator acts on vectors
χ(θ , t ) that contain continuum and discrete elements and the output of the operator is a similarly mixed continuum-discrete
vector. All these operators and their sub-operators in Appendix A are identical to those in Ref. [16]. The differential equations
for the elastic continuum ring deformations u(θ , t ), v(θ , t ), and β (θ , t ) are given in Eq. (15) of Ref. [16]. They can be
constructed from the upper row of the extended operators in Eq. (A.1) (in their time-independent eigenvalue problem form).
The operators M, K, Cr , Cc , and Crc are self-adjoint with the inner product

χ 1 , χ 2  =

 2π
0

w1 w2 dθ + q1 q2 ,
T

T

(3)

where the overbar denotes complex conjugate. The gyroscopic operators Gr and Gc are skew self-adjoint with the inner
product in Eq. (3).
The gyroscopic (i.e., Coriolis) and centripetal terms in Eq. (2) involve only carrier speed (c ), ring speed (r ), and, when
expressed in a slightly different form as in Ref. [16], the relative rotation speed rc = r − c . Eqs. (12) and (15) of Ref.
[16] show details of these terms. The terms associated with carrier rotation (c ) arise because the in-plane translations of
the discrete bodies (sun, planets, carrier, and ring rigid body) are relative to the {E1 , E2 , E3 } basis that spins with speed c .
These terms vanish if the carrier is stationary. While the sun and planet gears spin with their own rotation speeds, there
are no gyroscopic or centripetal terms associated with these speeds; such terms would arise if the translational motions of
these bodies were relative to bases ﬁxed to the sun or planets.
The elastic ring in the present model has gyroscopic and centripetal terms associated with r and rc . The terms associated with only r are always present if the ring spins, no matter which reference frame is used to model the elastic ring.
The terms associated with rc arise because the ring spins with speed rc relative to the carrier-ﬁxed reference frame in
which it is modeled. These terms are analogous to those that arise when a spinning ring is modeled in a space-ﬁxed reference frame; in that case the terms involve the ring speed r because that is the speed of the ring relative to the reference
frame [20,33].
The model in Eq. (2) differs from the elastic-discrete model in [14]. The current model has a vibrating ring rigid body
that models an additional component connecting to the elastic ring, which better represents the ring gear’s physical conﬁguration, stiffness, and inertia in most physical systems; Ref. [14] models only the elastic ring and connects it to ground.
Gyroscopic and centripetal effects are present in Eq. (2) for spinning systems, but these effects are not considered in [14].
The present model considers ring bending, extensional, and shear deformations as well as rotary inertia and a concentrated
tooth bending moment acting on the ring resulting from each ring-planet mesh force acting at a contact point radially away
from the ring neutral axis. In contrast, Ref. [14] considers only inextensible bending deformation and neglects the other
features listed above.
Galerkin’s method is used to discretize the eigenvalue problem in Eq. (2). The eigenfunction χ is approximated as a
truncated series of basis functions as

χa ( θ ) =

Lb


al χ 1l ( θ ) +

l=−Lb

Mb


Pb


b m χ 2m ( θ ) +

m=−Mb

c p χ3 p ( θ ) +

3
N+9

p=−Pb

dk χ 4k ( θ ) ,

(4a)

k=1

(4b)

where ek is a unit vector of dimension 3N + 9 (i.e., the number of discrete degrees of freedom) with the k-th element equal
to one and all others zero. Considering the ﬁrst three rows of Eq. (4b), the ring radial deﬂection, tangential deﬂection, and
cross-sectional rotation angle have the Fourier series expansions

u (θ ) =

Lb

l=−Lb

al ejl θ ,

v (θ ) =

Mb


bm ejmθ ,

β (θ ) =

m=−Mb

Pb


c p ej pθ .

p=−Pb

The discretization error in Eq. (4a) approaches zero as the integers Lb , Mb , Pb → ∞.
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Substitution of Eq. (4a) into Eq. (2) and requiring that the inner product (see Eq. (3)) of the residual (i.e., the result of
the substitution) with each of the basis functions in Eq. (4b) vanishes gives the matrix eigenvalue problem

λ2 [M]z + λ(r [Gr ] + c [Gc ] )z + ([K] − 2r [Cr ] − 2c [Cc ] − 2r c [Crc ] )z = 0,

T
z = a−Lb . . . aLb b−Mb . . . bMb c−Pb . . . cPb d1 . . . d3N+9

,

(6a)
(6b)

where the eigenvector z has dimension 2Lb + 2Mb + 2Pb + 3N + 12. For χ f and χg representing any two of the basis functions
speciﬁed in Eq. (4b), the [M] f g element of the matrix [M] is [M] f g = χ f , Mχg , and similarly for other matrices in Eq. (6a).
Numerically solving the discretized eigenvalue problem yields the natural frequencies ωi = Im(λi ) (imaginary part of λi )
and eigenvectors zi . Vibration modes are determined by substitution of the corresponding elements of zi into Eq.
 (4a). The
dimensionless natural frequencies ωi are related to the dimensional natural frequencies ω
˜ i according to ω
˜ i = ωi kζ /m p .
2.2. Veriﬁcation of the free vibration model
This section compares natural frequencies and vibration modes from the analytical model with those from twodimensional ﬁnite element/contact mechanics (FE/CM) software [29–31]. The FE/CM model only allows elastic deformation
of the ring and restricts the sun, carrier, and planets to have only rigid-body motions. The sun and planet gears have rigid
inner circles at a diameter close to the root diameter with the ﬁnite element mesh being used only for the gear teeth and
tooth root regions.
Ref. [16] successfully compared steady deformations from the analytical model to those from the FE/CM model. Because
of differences between the analytical and FE/CM models arising from the formulation in the commercial software, the analytical model was adjusted for that comparison. Steady deformations are independent of inertia terms, so differences of the
inertia terms between these two models could not be considered in [16], as they are here.
The FE/CM model does not allow a ring rigid body. Instead, the ring gear can have a lumped mass/moment of inertia
associated with it. Motions of this lumped inertia equal the rigid-body motion components of the elastic ring gear having
the expressions

xr (t ) = 1/(2π )

 2π
0

ur (t ) = 1/(2π )Rr

2uo (θ , t ) cos θ dθ ,

 2π
0

yr (t ) = 1/(2π )

 2π
0

2uo (θ , t ) sin θ dθ ,

vo (θ , t )/Ro dθ ,

(7)

where ur represents the rigid rotation in radians times the ring gear base radius Rr . uo and vo denote the radial and tangential deﬂections of the FE/CM model’s ring outer surface, and Ro is the radius of the ring outer surface. The two translations
are resisted by isotropic translational stiffness kr , and the rotation is resisted by a rotational stiffness kru . Unlike the analytical model, the FE/CM model does not allow for an elastic foundation between the elastic ring and either ground or the
associated lumped inertia.
To facilitate the comparison of natural frequencies and mode shapes, the analytical model is adjusted because of the
above modeling differences. The elastic foundation is removed. Motions of the ring rigid body (which resembles the lumped
inertia associated with the FE/CM ring gear as discussed above) are constrained to equal the expressions in Eq. (7), as done
in the FE/CM model (i.e., xb = xr , yb = yr , and ub /Rb = ur /Rr ). The support/bearing stiffnesses kb and kbu /Rb of the ring rigid
body equal the stiffnesses kr and kru /Rr for the FE/CM model, respectively. These analytical model adjustments apply only
for the present section.
We adopt Eq. (7) to compare with the formulation used in the FE/CM software, but an alternative formulation of the
FE/CM model may be preferable. If the rigid-body motions of the elastic ring are instead deﬁned as the translations of the
center of mass of the ring and the average rotation of all ring particles relative to the ring center, the alternative relations
that would replace Eq. (7) are

xr = 1/ ( 2π )
yr = 1/ ( 2π )

 2π 
0

 2π 
0

ur = 1/ ( 2π )Rr

A

A

ρ (R + r )[u cos θ − (v + rβ ) sin θ ] dAdθ



A

ρ (R + r ) dA,



ρ (R + r )[u sin θ + (v + rβ ) cos θ ] dAdθ
ρ (R + r ) dA,
A


ρ (R + r )2 (v + rβ ) dAdθ
ρ (R + r )3 dA.

 2π 
0

A

A

The comparison is conducted on a three-planet system with equal planet spacing. The parameters of the FE/CM model
are shown in Table 1. To ensure the sun-planet (and similarly ring-planet) mesh stiffnesses are the same at all planets for
the FE/CM model, and thus make it consistent with the analytical model, the sun-planet and ring-planet tooth meshes at
the three planets are in-phase. Natural frequencies and vibration modes of the FE/CM model are obtained from numerically
simulated impulse tests that are conducted at zero speed so that the impulse test response is free from the contamination of
tooth mesh excitations. Furthermore, zero speed is used for comparison because the FE/CM model cannot model the Coriolis
and centripetal accelerations.
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Table 1
Parameters of a three-planet FE/CM planetary gear model. Sun, carrier, and ring translational stiffnesses are speciﬁed in the X and Y directions deﬁned by E1 and E2 , while planet translational
stiffnesses are in the radial and tangential directions.
Sun

Planets

Ring

Carrier

Number of teeth
Module (mm)
Inner diameter (mm)
Root diameter (mm)
Outer diameter (mm)
Facewidth (mm)
Pressure angle (deg)
Young’s modulus (GPa)
Poisson’s ratio
Mass (kg)
Moment of inertia (kg m2 )
Translational stiffness (N m−1 )

30
2.868
63.00
79.14
91.14
25.40
24.60
202.1
0.3
1
2 × 10−3
50 × 103

96
2.868
271.4
282.4
326.4
25.40
24.60
202.1
0.3
15
160 × 10−3
0.2 × 109

20
200 × 10−3
2 × 109

Rotational stiffness (N m−1 )
Planet center distance (mm)

6.537 × 106
-

33
2.868
69.00
86.13
99.13
25.40
24.60
202.1
0.3
2
5 × 10−3
ζ : 0.2 × 109
η : 1 × 109
0
-

63.84 × 106
-

612.7 × 106
90.33

Table 2
Natural frequencies of the FE/CM model and analytical model (case (a)) with parameters in Table 1.
Frequency index

Mode category

FE/CM (Hz)

Analytical (Hz)

Multiplicity

Error (%)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Rotational
Translational
Translational
Rotational
Translational
Rotational
Rotational
Translational
Translational
Rotational
Translational
Translational
Rotational
Translational
Rotational
Translational
Rotational
Translational
Rotational

293.3
386.4
586.7
651.2
1152
1202
1571
1582
2175
2858
3157
3990
4297
4951
5166
5231
5776
6038
6834

293.5
369.0
582.9
649.9
1155
1144
1573
1574
2118
2869
3183
3937
4331
4990
5457
5302
5930
6211
7539

1
2
2
1
2
1
1
2
2
1
2
2
1
2
1
2
1
2
1

0.068
−4.5
−0.65
−0.20
0.26
−4.8
0.13
−0.51
−2.6
0.38
0.82
−1.3
0.79
0.79
5.6
1.4
2.7
2.9
10.

For a stationary planetary gear, four categories of modes exist: rotational, translational, planet, and purely ring modes
[14]. Planet modes do not occur for three-planet systems. Two different impulse tests are conducted. One is a torque impulse
on the sun gear capturing the rotational modes. The other is a force impulse on the sun gear capturing the translational
modes. Purely ring modes are not captured in the impulse tests. LMS Test.Lab [34] is used to process the impulse responses
and generate natural frequencies and mode shapes.
The analytical model takes the parameters in Table 1 as well as the following parameters. The sun-planet and ring-planet
mesh stiffnesses are 400.6 × 106 N m−1 and 457.4 × 106 N m−1 , respectively. They are calculated from single-pair sun-planet
and ring-planet FE/CM models using a local slope method [35] at the same mesh cycle instance where the FE/CM planetary
gear impulse tests are conducted. Gyroscopic and centripetal effects vanish for the analytical model at zero speed.
The ring inner diameter of the analytical model is a tunable parameter that is bounded between the ring gear inner and
root diameters of the FE/CM model. Three different values of the ring inner diameter of the analytical model were considered: (a) ring gear root diameter, (b) ring gear inner diameter, and (c) mean value of ring gear root and inner diameters
of the FE/CM model. Case (a) gives the best comparison with the FE/CM model in terms of natural frequencies among the
three cases.
Table 2 shows natural frequencies from the analytical model of case (a) and the FE/CM model for the ﬁrst nineteen
modes occurring in the impulse tests. The analytical model captures the ﬁrst eighteen modes with errors less than 6%, most
of which are less than 1%. The error of the last mode reaches 10%.
Fig. 2(a) and Fig. 2(b) compare a rotational mode (mode 10 in Table 2) and a translational mode (mode 11 in Table 2)
from the analytical model with the corresponding modes from the FE/CM model. The analytical predictions match the FE/CM
model in both comparisons.
6
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Fig. 2. (a) Rotational (mode 10 in Table 2) and (b) translational (mode 11 in Table 2) mode shapes from the FE/CM model (solid lines) and the analytical
model (dashed lines). The dotted lines represent undeformed positions.

2.3. Physical interpretations of complex-valued modes
The vibration modes of stationary planetary gears with an elastic ring gear, presented by Wu and Parker [14], are realvalued. The discretized eigenvalue problem in Eq. (6a) gives complex-valued modes for spinning planetary gears. The physical interpretation of these complex-valued modes is discussed below.
For stationary planetary gears, only the mass (M) and stiffness (K) operators in Eq. (2) are present, and they are selfadjoint. Thus, all vibration modes are real-valued. In this case, each degree of freedom and each point on the elastic ring
are either in-phase or 180 deg out-of-phase in a given mode. When gyroscopic effects are included, the skew self-adjoint
operators Gr and Gc in Eq. (2) lead to complex-valued modes [36]. Complex-valued modes are those where different degrees
of freedom vibrate out-of-phase with each other in single-mode vibration. The relative phase between different degrees of
freedom and different points on the elastic ring are determined by the phase angles of the complex-valued modal deﬂections. Because of this phase difference, different points achieve their maximum displacements at different times over a cycle
of single-mode oscillation at the corresponding natural frequency, unlike for real-valued modes.
All eigenvalues λ of Eq. (2) (and also of Eq. (6)) are purely imaginary (for sub-critical speeds [37]), and they and the
complex-valued eigenfunctions χ occur in complex conjugate pairs. The physical response of a planetary gear vibrating
in its i-th mode must (in order to give real-valued physical deﬂections) include both modes of each complex conjugate
eigensolution pair as

χ(θ , t ) = χi (θ )ejωi t + χ̄i (θ )e−jωi t ,

(8)

where the overbar denotes complex conjugate. Although strictly speaking Eq. (8) involves two modes, their combination
yields a real-valued vibration at the natural frequency ωi that we refer to as a single-mode response.
Complex-valued modes for gyroscopic systems yield traveling-wave response [20,38]. Considering Eqs. (8) and (5), the
ring radial deﬂection for the single-mode vibration of a complex-valued mode has the expression

u (θ , t ) =

Lb

l=−Lb

(al ejl θ ejωi t + c.c. ) =

Lb


2|al | cos(l θ + ωi t + ϕl ),

(9)

l=−Lb

where c.c. denotes complex conjugate of the preceding term and ϕl = tan−1 (Im(al )/Re(al )) is the phase of al . In general,
a−l = āl for gyroscopic systems. Eq. (9) shows that the radial deformation of the ring vibrating in a single mode consists of
multiple traveling waves, one for each value of l (and similarly for the tangential deformation and cross-sectional rotation
angle). A positive l nodal diameter component is a backward waveform cos l θ that travels in the negative θ direction at
angular speed ωi /l, while a negative l nodal diameter component is a forward waveform cos l θ that travels in the positive θ
direction at the same speed. The zero nodal diameter component is a standing wave. The ring deﬂection is the sum of the
standing wave and these multiple backward and forward waves with each waveform being an l nodal diameter deformation
(i.e., cos l θ ).
In contrast, real-valued modes for non-gyroscopic systems yield standing-wave response. In this case, Eq. (8) becomes
χ(θ , t ) = 2χi (θ ) cos ωi t. Considering the ring radial deﬂection, the stationary planetary gear form of Eq. (9) is

u (θ , t ) =

Lb

l=−Lb

Lb


(al ejl θ ejωi t + c.c. ) = 2a0 +
4|al | cos(l θ + ϕl ) cos ωi t

(10)

l=1

because a−l = āl for non-gyroscopic systems (necessary for u(θ ) in Eq. (5) to be real-valued). The expression in square
brackets is the i-th mode shape. The single-mode representation in Eq. (10) is a standing waveform oscillating at its natural
frequency ωi . The waveform is the sum of multiple single-nodal diameter components associated with each value of l. For
each l = 0, the sum of the forward and backward waves in the two terms in the second expression in Eq. (10) and the
condition a−l = āl yield a standing wave. The motions of different points on the ring (or any other degrees of freedom) are
either in-phase or 180 deg out-of-phase.
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Table 3
Dimensional parameters of an example planetary gear with an elastic ring.
Stiffness (N m−1 )
Inertia (kg)
Mass (kg)
Dimensions (mm)
Elastic modulus (GPa)
Density (kg m−3 )
Pressure angle (deg)

ks = ksu = 0, kc = kcu = kb = kbu = 1012 , kζ = 200 × 106 , kη = 109 , Rku = Rkv = 20.0 × 106 , ksp = 480 × 106 , kr p = 560 × 106
Is /R2s = 0.654, I p /R2p = 0.490, Ic /R2c = 4.69, Ib /R2b = 9.77
ms = 0.640, m p = 0.350, mc = 3.00, mb = 3.20
Rb = 64.0, R = 148,  = 10.4, H = 14.0, B = 25.4
E = 202, κ G = 61.3
ρ = 7.85 × 103
αs = αr = 24.6

2.4. Numerical characterization of modal structure
The gyroscopic effects not only change real-valued modes to complex-valued modes, but they also alter the modal structure of planetary gears. The vibration modes of stationary planetary gears without gyroscopic effects in [14] fall into four
categories: rotational, translational, planet, and purely ring modes. As shown below, the modes of spinning planetary gears
with gyroscopic effects fall into three categories: rotational, translational, and planet modes. The properties of these spinning
system mode types differ from (i.e., generalize) those in [14]. Purely ring modes no longer exist in spinning systems.
In addition to the gyroscopic effects, the current model includes centripetal effects, ring extensional and shear deformations, ring rotary inertia, and concentrated tooth bending moments, none of which exist in [14]. These effects change
numerical values of the natural frequencies and vibration modes; but in contrast to the gyroscopic/Coriolis effects, they do
not alter the modal properties.
An example planetary gear with six equally-spaced planets illustrates the gyroscopically-altered modal structure. The
system parameters are listed in Table 3. The carrier is stationary (i.e., c = 0) while the ring rotates. The elastic ring has a
rectangular cross-section with radial thickness H and axial thickness B.
Fig. 3 shows natural frequencies of the system for a range of dimensionless ring speeds from −0.05 to 0.05, where the
dimensionless speed −0.05 corresponds to a dimensional speed of −11, 414 rpm. The negative ring speed indicates clockwise
ring rotation. Fig. 4 shows representative mode shapes for the system at r = −0.05. The natural frequencies and mode
shapes are numerically calculated from the discretized eigenvalue problem in Eq. (6a). The following paragraphs summarize
key modal properties observed from the numerical experiments.
Rotational modes. Because the central components have only rotations for this category of modes, they are called rotational modes. Rotational mode natural frequencies are, in general, distinct for spinning systems with gyroscopic effects.
All elements of χ in Eq. (1) are complex-valued, as with all of the three spinning system mode categories. All planets have identical motions that are in-phase, i.e., pn = p1 ej0ψn = p1 . The individual deﬂections in pn for planet n, however, are out-of-phase with each other. The ring deformations contain only sN + 0 nodal diameter components, where
s = 0, ±1, ±2, . . .. In other words, all coeﬃcients al , bm , and c p in Eq. (5) vanish except for l, m, p = sN for integer s, as
shown in Fig. 4(a). The rotational modes for spinning systems are also called type 0 traveling-wave modes because of the
0 in the exponent of pn = p1 ej0ψn . For example, ω18 in Fig. 3 at non-zero speeds is a type 0 traveling-wave mode natural
frequency.
Rotational modes for stationary systems have the same properties as those for spinning systems (including having distinct
natural frequencies) except that stationary systems have real-valued rotational modes. The rotational modes for stationary
systems are called type 0 standing-wave modes.
Translational modes. For this category of modes, the central components have only translations but no rotations. While
translational mode natural frequencies for stationary systems are degenerate with multiplicity two, they split into two distinct natural frequencies for spinning systems, as shown in Fig. 3 (e.g., ω8,9 ). Translational modes for spinning systems
are classiﬁed into two types with one designated as type 1 and the other as type N − 1 traveling-wave modes. The natural frequency ω8 in Fig. 3 at negative speeds is a type 1 traveling-wave mode natural frequency and ω9 is type N − 1.
For a type 1 traveling-wave mode, the two translations of the central components are related by yh = jxh (h = s, c, b), the
planet motions are related by pn = p1 ejψn for n = 1, 2, . . . , N, and the ring deformations have only sN + 1 nodal diameter components, where s = 0, ±1, ±2, . . .. In contrast, a type N − 1 traveling-wave mode has yh = −jxh , pn = p1 ej(N−1 )ψn =
p1 e−jψn , and only sN + (N − 1 ) → sN − 1 nodal diameter ring deformations. Fig. 4b shows a type N − 1 traveling-wave
mode.
Translational modes for spinning systems differ signiﬁcantly from their real-valued, stationary system counterparts.
Translational modes for stationary systems cannot be classiﬁed into two sub-types. The motion of each planet in two orthogonal (with respect to M) degenerate translational modes is related to the motion of the ﬁrst planet by a rotation matrix [14].
The ring deformations contain both sN + 1 and sN − 1 (but no other) nodal diameter components, where s = 0, ±1, ±2, . . ..
The translational modes for stationary systems are called type 1 standing-wave modes.
Planet modes. No central components vibrate in a planet mode. Planet modes exist only for systems with N ≥ 4 planets.
All planet mode natural frequencies are, in general, distinct for spinning systems with gyroscopic effects. The gyroscopic
planet modes are classiﬁed into (N − 3 ) types. Each type is associated with an integer d ∈ {2, 3, . . . , N − 2} and called a
type d traveling-wave mode. The natural frequencies ω7 , ω10 , and ω11 in Fig. 3 at negative speeds are of type 3, 2, and 4,
8
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Fig. 3. Eigenvalue loci of a six-planet system with parameters in Table 3 for varying ring speed. The dashed, dotted, and solid lines represent rotational,
translational, and planet mode natural frequencies for the spinning planetary gear, respectively. The mode type numbers for ω4 to ω12 and ω18 to ω25 are
labeled for spinning system modes. The rotational, translational, degenerate planet, distinct planet, type 0 purely ring, and type 3 purely ring mode natural
frequencies for the planetary gear at r = 0 are denoted by diamonds, squares, upward triangles, circles, asterisks, and downward triangles, respectively.

respectively. For a type d traveling-wave mode, planet motions are related by pn = p1 ejdψn for n = 1, 2, . . . , N. The elastic
ring deformations contain only sN + d nodal diameter components, where s = 0, ±1, ±2, . . .. For example, Fig. 4(c) shows a
type d = 2 planet mode has only sN + 2 nodal diameter ring deformations.
Substantial differences exist between planet modes for spinning and stationary systems. Planet modes in stationary systems are classiﬁed into only two sub-types according to the degeneracy of their natural frequencies. Degenerate planet
modes appear in systems with ﬁve or more planets, and their multiplicity is two. These degenerate planet mode natural
frequencies split into two distinct natural frequencies for non-zero speeds (Fig. 3), which is further discussed subsequently.
Distinct planet modes exist only for systems with an even number of planets. For all stationary system planet modes, the
planet motions are related by pn = γn p1 , where γn is real-valued. Each of the degenerate planet modes is associated with
a particular integer d ∈ {2, 3, . . . , int((N − 1 )/2 )} and called a type d standing-wave mode. For that particular d, the ring
deformations contain only sN ± d nodal diameter components, where s = 0, ±1, ±2, . . .. All distinct planet modes are associated with an integer N/2 for even N, and the ring deformations contain only sN + N/2 nodal diameter components, where
s = 0, ±1, ±2, . . .. The distinct planet modes for stationary systems are called type N/2 standing-wave modes.
Purely ring modes. Purely ring modes do not occur in spinning systems; they exist only in stationary systems. For this
type of mode, all discrete motions vanish and only the elastic ring vibrates. Purely ring mode natural frequencies are distinct.
The real-valued elastic ring deformations contain only a single complex conjugate pair of nodal diameter components. For
example, the ring radial deformation has the expression

u(θ ) = ag ejgθ + c.c. = 2|ag | cos(gθ + ϕg ).

(11)

Purely ring modes have two types. In one type (type 0), g = sN for s = 1, 2, . . .. In the other type (type N/2), g = sN + N/2
for s = 0, 1, 2, . . .. The latter ones occur only with an even number of planets. Fig. 3 shows that when gyroscopic effects are
included the type 0 purely ring modes evolve into traveling-wave rotational modes (e.g., ω21 ) and the type N/2 purely ring
modes evolve into traveling-wave planet modes (e.g., ω4 ). Section 2.6.2 details this evolution of purely ring modes.
9

C. Wang and R.G. Parker

Journal of Sound and Vibration 494 (2021) 115828

Fig. 4. Real part (left), imaginary part (middle), and ring radial nodal diameter amplitudes |al | from Eq. (5) (right) of (a) a rotational mode (ω18 = 0.990),
(b) a translational mode (ω9 = 0.738), and (c) a planet mode (ω10 = 0.633) for a six-planet system with parameters in Table 3 at non-dimensional speed
r = −0.05. The dotted lines represent undeformed positions. The ring rigid body is not shown. The ring radial nodal diameter amplitudes are normalized
by their maximum value. The ring tangential deﬂection and cross-sectional rotation angle amplitudes |bm | and |c p | (not shown) have the same non-trivial
nodal diameter components but with different relative amplitudes than for |al |.

Fig. 3 shows that a type d mode at negative ring speeds remains a type d mode at positive ring speeds provided one
follows the natural frequency locus with continuous slope when passing through zero speed. For example, consider the
two degenerate translational mode natural frequencies ω19,20 at zero speed. For negative ring speeds, the lower of the two
natural frequencies is a type 1 mode and the higher natural frequency is a type N − 1 = 5 mode, and vice versa for positive
ring speeds. The natural frequency loci of both the type 1 and 5 modes have continuous slope at zero speed where the loci
intersect. The same behavior occurs for planet modes that are degenerate at zero speed, for example, the modes associated
with ω10,11 in Fig. 3 involving type 2 and type N − 2 = 4 modes.
Nevertheless, the natural frequency spectrum for clockwise rotation speed is identical to that for the same value of
counter-clockwise speed. This is evident from the symmetry of Fig. 3 about r = 0. The mode type of a given natural
frequency for the two rotation directions differs for the case of natural frequencies that split from a degenerate zero-speed
natural frequency, however. For example, the points labeled A and B in Fig. 3 correspond to the same natural frequency for
the two speeds r = ±0.02. The mode type for negative ring rotation at A is type 1, while the mode type for positive ring
rotation at B is type N − 1 = 5. In general, if the mode type associated with a given natural frequency for one direction of
rotation is type d, then the mode type for that same natural frequency for the other direction of rotation will be type N − d
(with the understanding that a type N mode is equivalently a type 0 mode).
2.5. Analytical derivation of modal structure
The present section analytically proves that the numerically observed properties described above hold for all planetary
gears.
For spinning and stationary planetary gears, the rotational, translational, and planet mode structure results from the
system’s cyclic symmetry. Shi and Parker [11] proved the modal structure for general cyclically symmetric systems with
lumped-parameter central components having planar vibrations. That derivation was extended to central components with
10
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Fig. 5. Planetary gears as a cyclically symmetric structure. A substructure (consisting of a planet, a ring sector, and a ring-planet mesh stiffness) is indicated
by thick solid lines. Central components (sun, carrier, and ring rigid body) are indicated by thick dashed lines.

general, three-dimensional rigid-body motions [12]. This work takes advantage of their proofs to conclude that the modal
properties described above, which so far are based on numerical results, apply to general spinning planetary gears with an
elastic ring.
The cyclically symmetric system in Ref. [11] can have an arbitrary number of rotating central components and substructures. Gyroscopic effects for this spinning system are included. Each central component is axisymmetric and has one axial
rotation and two in-plane translational degrees of freedom where the translations and rotation are uncoupled. The substructures are equally-spaced and identical in geometry, material properties, and deﬁnition of the degrees of freedom within each
substructure (for example, identical ﬁnite element or ﬁnite difference meshes for each substructure). Each substructure can
have an arbitrary number of degrees of freedom with in-plane or out-of-plane motions. The connections between the substructures and central components are identical for each substructure. The substructures can connect to each other with
identical connections that retain cyclic symmetry. To use the proof in Ref. [11], we demonstrate in the following paragraphs
that the planetary gear system with an elastic ring can be made to fall within the scope of the cyclically symmetric system
in Ref. [11] as summarized above.
The complicating factor is that the current analytical model represents the ring gear as an elastic continuum governed
by differential equations involving spatial derivatives of u(θ , t ), v(θ , t ), and β (θ , t ), while [11] applies to discrete vibratory
systems modeled by matrices. To address this difference with [11], the following argument adopts a ﬁnite difference formulation that discretizes the elastic continuum ring such that it is modeled by matrices of the form within the scope of
systems considered in Ref. [11]. We do not propose this ﬁnite difference formulation as the most desirable solution method.
The Galerkin discretization developed using Eqs. (4) - (6) is more eﬃcient. The sole purpose of the ﬁnite difference discretization is as a vehicle to demonstrate that it yields a system of the form stipulated in Ref. [11] and, therefore, the modal
properties of the current analytical model are those given in Ref. [11]. The simplicity of ﬁnite difference discretization makes
it desirable for this purpose.
Fig. 5 separates a planetary gear into substructures and central components. The elastic ring is divided into N identical sectors such that the n-th sector has the domain Dn = {θ | θ0 + ψn ≤ θ < θ0 + ψn+1 }, where θ0 is arbitrary. Because θ
represents a ﬁxed angular position relative to the carrier-ﬁxed basis vector E1 (Fig. 1), each ring sector that covers a ﬁxed
range of θ rotates with the carrier. Because the ring rotates relative to the carrier, material particles on the elastic ring
gear continuously enter and leave a given sector. Each ring sector, its connecting planet, and the ring-planet mesh stiffness
connecting them comprise a substructure (see thick solid line in Fig. 5 where θ0 = 0). Each substructure rotates with carrier
speed c . The sun, carrier, and ring rigid body are central components. Substructures connect to the central components
through sun-planet mesh stiffnesses for the sun, carrier-planet bearing stiffnesses for the carrier, and elastic foundation stiffnesses for the ring rigid body. The only feature distinguishing the current spinning planetary gear model from the category
of systems included in Ref. [11] is that the ring sectors are elastic continua, whereas [11] considers only discrete matrix
models.
To use the proof in [11], all ring sectors are identically discretized with a grid of points distributed along their arclength
(Fig. 5). The grid must be identical for each ring sector, which is the case if the spacing θ between grid points is uniform
within a sector and the same in each sector, as assumed for the sake of this argument.
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Such a discretization is based on each grid point being deﬁned by an angle θ relative to E1 that rotates with the carrier.
Because the ring rotates relative to the carrier, a given grid point does not deﬁne a material particle on the ring. Instead,
material particles on the ring continuously pass through each grid point deﬁned by a given θ . Nevertheless, this carrier-ﬁxed
grid is the appropriate discretization because the spatial derivatives in the differential equations for the ring vibration are all
with respect to θ measured relative to E1 . The present analytical model and the corresponding ﬁnite difference discretization
above is possible only for a circumferentially uniform ring.
The equations for elastic ring vibration involve derivatives with respect to θ . Considering the ring radial deﬂection u(θ )
as an example, ﬁnite difference discretization of the ﬁrst and second derivatives at a grid point p in the n-th ring sector
gives

∂u
∂θ

θn( p)

=

u(θn( p+1) ) − u(θn( p) )

θ

∂ 2u
∂θ 2

,

( p)

θn( p)

=

u(θn( p+1) ) − 2u(θn( p) ) + u(θn( p−1) )

θ 2

,

(12)

( p)

where u(θn ) is subsequently replaced by un . The ﬁnite difference discretizations of v(θ ) and β (θ ) are similar.
The next step is to apply the standard procedure of ﬁnite difference approximation to the differential equations governing
u(θ ), v(θ ), and β (θ ), and to use such approximations where u, v, and β appear in the equations governing the discrete
sun, planet, carrier, and ring rigid body motions. The result is a discretized matrix formulation whose degrees of freedom
( p)
( p)
( p)
are: (a) un , vn , and βn , and (b) the discrete sun, planet, carrier, and ring rigid body motions. Due to the discretization,
the elastic foundation that connects the continuum ring and ring rigid body becomes multiple discrete stiffnesses connecting
the discretized grid points to the ring rigid body. These connections as well as the sun-planet and carrier-planet stiffness
connections are identical for the different substructures. Details of this process are not shown because they are not needed
to draw the necessary conclusion as discussed below.
The above process casts the spinning planetary gear system in matrix form where the system consists of: (a) identical, equally spaced substructures (each substructure consists of a discretized ring sector, its corresponding planet, and the
connecting ring-planet mesh stiffness), (b) sun, carrier, and ring rigid body central components with axisymmetric bearing/support stiffnesses, (c) coupling between the substructures and central components through sun-planet mesh stiffnesses,
planet bearing stiffnesses, and elastic foundation stiffnesses that are identical for each substructure, (d) substructures that
connect to adjacent substructures only through ring sector interfaces that are the same for each substructure. This system is
among the class of general cyclically symmetric systems with vibrating central components considered in Ref. [11] (and in
[12] for central components having general rigid-body motion). Thus, the discretized planetary gear system must have the
rotational, translational, and substructure (i.e., planet) mode properties proved in Ref. [11] and discussed further below.
Because results from such a ﬁnite difference approximation converge to the true solution as θ → 0, we are assured that
a spinning planetary gear with an elastic continuum ring has the modal properties proved in Ref. [11]. This is the desired
result.
Having established what the modal properties are for the elastic continuum ring planetary gear model, any solution
of that model must yield eigensolutions with those properties. Thus, we are assured that numerical results from Galerkin
discretization as presented above will have the modal properties in [11], which is the case in all simulations herein.
To apply the main results from Ref. [11], we deﬁne the eigenvector of the discretized system as φ and use subscripts cc
and ss to indicate sub-vectors associated with the central components and substructures, giving


φ = φTcc

T
φTss ,

(13a)


φcc = pTs

pTc

pTb


φss = φT1

φT2

...


φn = pTn

(ϕn(1) )T

pn =



ζn

ηn

un

T

,



ph = xh



uh ,

h = s, c, b,

(13b)

T
φTN ,
(ϕn(2) )T

T

yh

,

(13c)

...

T
(ϕn(P ) )T ,


ϕn( p) = un( p)

vn( p)

n = 1, 2, . . . , N,

T
βn( p) ,

(13d)

p = 1, 2, . . . , P,
( p)

(13e)
( p)

where P is the total number of grid points in each ring sector. The vector ϕn includes radial deﬂection (un ), tangential
( p)
( p)
deﬂection (vn ), and cross-sectional rotation angle (βn ) at the p-th grid point in the n-th ring sector. Each substructure
has 3 + 3P degrees of freedom.
According to Ref. [11], a spinning planetary gear system can have only rotational modes with type d = 0, translational
modes with type d = 1 and d = N − 1, and planet modes (or substructure modes in [11]) with type d = 2, 3, . . . , N − 2. Planet
modes occur only for N ≥ 4; for N = 3, a type d = 2 mode is considered a type N − 1 translational mode and not a type
2 planet mode. No other mode types are possible. In general, all of these modes have distinct natural frequencies for a
spinning planetary gear.
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Table 4
Modal structure of spinning planetary gears with an elastic ring and N equally-spaced planets. The
subscripts h = s, c, b and n = 1, 2, . . . , N, the deﬂection p1 = [ζ1 η1 u1 ]T , and the ring nodal diameter
coeﬃcients W l = [al bl cl ]T . All the modal deﬂection quantities are complex-valued, in general.
Mode category

Mode type/Phase index

Rotational

0

Modal representation
w=

∞



s=−∞

ph = 0
w=

1
Translational

∞



s=−∞

ph = xh
w=

N−1

∞



s=−∞

ph = xh
w=

d ∈ {2, . . . , N − 2}

Planet

∞



s=−∞

ph = 0

W sN ejsNθ ,
0

uh

T

,

pn = p1

W sN+1 ej(sN+1)θ ,

T

pn = e jψn p1

0 ,

j xh
W sN−1 e

j (sN−1 )θ

T

,

0 ,

−jxh

pn = e−jψn p1

W sN+d ej(sN+d )θ ,
0

T

0 ,

pn = e jd ψn p1

For a type d mode where d ∈ {0, 1, . . . , N − 1}, the substructure degrees of freedom have the form
T

φss =

T

ˆ
ejdψ1 φ
ss

ˆ
ejdψ2 φ
ss

φ1

φ2

 

 

...

T

ˆ
ejdψN φ
ss

T

 

,

(14)

φN

ˆ has dimension 3 + 3P
where φn is a vector of the degrees of freedom for the n-th substructure as given in Eq. (13d), φ
ss
ˆ = φ due to ψ1 = 0.
equal to the number of degrees of freedom in a single substructure, and φ
ss
1
Eq. (14) exposes that, in any given mode, all substructures vibrate with the exact same deﬂection φ1 but with a phase
difference between substructures dictated by the mode type d. For this reason, d is called the phase index [39]. The terms
phase index and mode type for spinning planetary gears are synonymous in this paper.
Eq. (14) showing the special relationship between motions of the different substructures can also be used to derive the
result that the elastic ring vibration in a type d mode contains only sN + d nodal diameter components (s = 0, ±1, ±2, . . .).
This was observed in the foregoing numerical results. The substructure degrees of freedom in Eq. (14) satisfy φn = ejdψn φ1 .
This is true for all of rotational, translational, and planet modes for any d ∈ {0, 1, 2, . . . , N − 1}. It remains true as P → ∞ and
each discretized ring sector approaches a continuum ring sector. Thus, for each type d mode, the radial deﬂection at θ + ψn
in the n-th ring sector relates to that at θ in the ﬁrst sector according to

u(θ + ψn ) = ejdψn u(θ ).

(15)

From Eq. (5),

u ( θ + ψn ) =

Lb


al ejl θ ejl ψn .

(16)

l=−Lb

Substitution of Eqs. (5) and (16) into Eq. (15) yields

al = 0,

for l = sN + d, s = 0, ±1, ±2, . . . .

(17)

Thus, for an arbitrary type d mode of a spinning planetary gear (whether a rotational, translational, or planet mode), the
ring radial deﬂection u(θ ) has only sN + d nodal diameter components. The same conclusion results for the ring tangential
deﬂection v(θ ) and cross-sectional rotation angle β (θ ).
In addition to the above properties of the substructure and elastic ring vibrations, Ref. [11] gives the central component motions for each mode type. For rotational modes with d = 0, the central components have only rotations. For
translational modes of type d = 1 and d = N − 1, the central components have only translations. These two translations
for a central component h satisfy yh = jxh for d = 1 and yh = −jxh for d = N − 1. For planet (i.e., substructure) modes with
d ∈ {2, 3, . . . , N − 2}, the central components do not vibrate.
The above descriptions of the planet, elastic ring, and central component (sun, carrier, and ring rigid body) motions for
each mode type d deﬁne the modal structure for a spinning planetary gear with an elastic continuum ring gear. Table 4
summarizes this structure.
For comparison, the modal structure for stationary planetary gears from Ref. [14] is given in Table 5. The complexvalued modal properties in Table 4 for spinning planetary gears apply to the special case of stationary planetary gears
where the speed-dependent gyroscopic and centripetal effects vanish, but the modes of stationary systems can be expressed
as real-valued quantities (Table 5). For stationary systems, Table 5 shows the presence of purely ring modes having only
elastic ring deformation in a purely sinusoidal shape with no motions of any discrete components. According to the modal
representation of the purely ring modes in Table 5, these distinct purely ring modes are special cases of type d = 0 rotational
and type d = N/2 (even N) planet modes of spinning planetary gears. The following section demonstrates how these distinct
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Table 5
Modal structure of stationary planetary gears with an elastic ring and N equally-spaced planets [14]. The subscripts h = s, c, b and n = 1, 2, . . . , N, the
deﬂections p1 = [ζ1 η1 u1 ]T , pˆ 1 = [ζˆ1 ηˆ 1 uˆ1 ]T , and p˜ 1 = [ζ˜1 η˜ 1 u˜1 ]T , and the ring nodal diameter coeﬃcients W l = [al bl cl ]T . All modal deﬂection quantities
are real-valued. The degenerate planet modes are of type d ∈ {2, . . . , int((N − 1 )/2 )}. Distinct planet modes and purely ring modes of type N/2 exist only
for even N.
Mode category

Type

Modal representation

Rotational

0

w=

∞



s=0

W sN ejsNθ +

ph = 0
Translational (degeneracy 2)

ˆ =
w

1

˜ =
w

0

∞

s=−∞
∞



s=−∞

uh

∞



s=0
T

W̄ sN e−jsNθ ,

,

pn = p1

W sN+1 ej(sN+1)θ +

∞

s=−∞
∞

jW sN+1 ej(sN+1)θ −

T

W̄ sN+1 ej[−(s+1)N+N−1]θ ,

s=−∞

jW̄ sN+1 ej[−(s+1)N+N−1]θ ,



T

p˜ h = yh
pˆ h = xh
yh
0 ,
−xh
0 ,
pˆ n = cos ψn pˆ 1 + sin ψn p˜ 1 ,
p˜ n = − sin ψn pˆ 1 + cos ψn p˜ 1
Planet (degeneracy 2)

ˆ =
w

d

˜ =
w

∞

s=−∞
∞



s=−∞

W sN+d ej(sN+d )θ +

∞

s=−∞
∞

jW sN+d ej(sN+d )θ −

T

W̄ sN+d ej[−(s+1)N+N−d]θ ,



s=−∞

jW̄ sN+d ej[−(s+1)N+N−d]θ ,

pˆ h = 0
p˜ h = 0
0
0 ,
0
p˜ n = − sin dψn pˆ 1
pˆ n = cos dψn pˆ 1 ,
Planet (distinct)

N/2

w=

∞



s=0

W sN+N/2 ej(sN+N/2)θ +

ph = 0
Purely ring

0 or N/2

w = W ge

0
jgθ

T

+ W̄ g e

W̄ sN+N/2 ej[−(s+1)N+N/2]θ ,

pn = cos(ψn N/2 )p1

0 ,
−jgθ

∞

s=0

T

0 ,



,

g=



sN,
,
sN − N/2,

s = 1, 2, . . . ,



ph = 0

0

T

0 ,



pn = 0

0

T

0

purely ring modes evolve to type d = 0 rotational and type d = N/2 (even N) planet modes from stationary to spinning
systems.
The proof of the modal properties for planetary gears having two-dimensional motion can be extended to helical planetary gears with all of the rigid bodies and the elastic ring having three-dimensional vibration. For such a system, discretization of the ring is the same as above. The discretized system is again among the class of general cyclically symmetric
systems with vibrating central components having three-dimensional motion considered in Ref. [12]. According to Ref. [12],
this helical system can have only rotational-axial modes with phase index 0, translational-tilting modes with phase index 1
and N − 1, and planet modes with phase index 2, . . . , N − 2.
We can also extend the proof to planetary gears with any or all of the carrier, sun, and ring modeled as elastically
deformable components. By discretizing each elastic component in the same way as that for the elastic ring shown above,
these systems can be made to fall within the scope of the general cyclically symmetric systems considered in Ref. [11] (or
Ref. [12] for central components having three-dimensional vibration). Thus, these systems have the modal properties proved
in Ref. [11] (or Ref. [12]).
2.6. Evolution of vibration modes due to gyroscopic effects
According to the modal structures for stationary (Table 5) and spinning (Table 4) systems, purely ring modes of stationary systems disappear when gyroscopic effects are introduced. Degenerate translational and planet natural frequencies
(multiplicity two) of stationary systems split due to the gyroscopic effects (Fig. 3). The degenerate translational modes for
stationary systems have only one type (Table 5), while the gyroscopic translational modes have two different types with each
of phase index 1 or N − 1 (Table 4). Whether a degenerate translational mode natural frequency splits into two translational
mode natural frequencies having the same or different phase indices is unclear. The same question arises for splitting of the
degenerate planet mode natural frequencies. These matters, which are clariﬁed below, are important because subsequent
results demonstrate different types of modes have signiﬁcantly different parametric instability behavior.
2.6.1. Perturbation analysis
This section uses eigenvalue perturbation approaches from Refs. [40,41] to examine the evolution of distinct purely ring
modes and degenerate translational and planet modes with multiplicity two as rotation is introduced to a stationary planetary gear.
ˆ c and r =  
ˆ r , where  is a small parameter and
Considering evolution from zero to non-zero speeds, we let c =  
ˆ c and 
ˆ r are O(1 ). Eq. (2) becomes


λ2 Mχ + λGχ + Kχ −  2 Cχ = 0,
ˆ r Gr + 
ˆ c Gc ,
G=

(18)

ˆ 2r Cr + 
ˆ 2c Cc + 2
ˆ r
ˆ c Crc .
C=
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The eigenvalues and eigenvectors of Eq. (18) are expressed as

χi = χi(0) + χi(1) + O( 2 ),

λi = λˆ i +  jμi + O( 2 ),

i = 1, 2, . . . .

(19)

ˆ i and real-valued eigenvectors for unperturbed stationary
Solving Eq. (6) with r = c = 0 (i.e.,  = 0) gives the eigenvalues λ
systems. These eigenvectors have the properties in Table 5. We normalize these eigenvectors such that χi(0 ) , Mχi(0 )  = 1.
The eigenvalue perturbation μi represents the slope of the natural frequency ωi = Im(λi ) (for changing speed) at zero speed.
ˆ i are purely imaginary. The
The presence of j in the ﬁrst of Eq. (19) ensures that μi is real-valued given that λi and λ
eigenvector perturbation χi(1 ) represents the change in the eigenvector when speed is introduced.
Following the perturbation approach in [40,41], the ﬁrst-order eigenvalue and eigenvector perturbations (μi , χi(1 ) ) for a
ˆ i , χ(0 ) ) in Table 5 are
distinct unperturbed eigenvalue and eigenvector (λ
i

μi = jχi(0) , Gχi(0) /2 = 0
χi(1) =



(20a)

νki χk(0) ,

(20b)

k=i

νki =

λˆ i
λˆ − λˆ 2i
2
k

χk(0) , Gχi(0) ,

k = i,

(20c)

where νki represents the contribution of the eigenvector χk(0 ) to the eigenvector perturbation χi(1 ) . Because χi(0 ) is realvalued (all modes are at zero speed) and the operator G is skew-symmetric, the inner product in Eq. (20a) vanishes such
that μi = 0 [42]. Thus, the slopes of all distinct mode natural frequencies at zero speed are zero. The numerical results in
Fig. 3 conﬁrm this point.
ˆi = λ
ˆ i+1 with multiplicity two, the unperturbed eigenvectors χ(0 ) and χ(0 ) are linear comFor a degenerate eigenvalue λ
i
i+1

binations of any two linearly independent eigenvectors χi(10 ) and χi(20 ) associated with this degenerate eigenvalue. In addition
to the preceding normalization with respect to M, these degenerate eigenvectors are chosen to be orthogonal with respect
to M such that χi(10 ) , Mχi(20 )  = 0. The degenerate modes in Table 5 can be used as χi(10 ) and χi(20 ) . Degenerate eigenvalue
perturbation from [40,41]: gives the ﬁrst order eigenvalue perturbations μi and μi+1 , ﬁxes the unperturbed eigenvectors
0)
1)
χi(0) and χi(+1
, and determines the ﬁrst order eigenvector perturbations χi(1 ) and χi(+1
associated with the degenerate unˆ i . These results are
perturbed eigenvalue λ

μi = χi(10) , Gχi(20) /2,

(0 )

χi

μi+1 = −χi(10) , Gχi(20) /2,

√
2 (0 )
=
(χi1 − jχi(20) ),
2

χm(1) =



νkm χk(0) ,

(0 )

χi+1

(21a)

√
2 (0 )
=
(χi1 + jχi(20) ),
2

m = i, i + 1,

(21b)

(21c)

k=i,i+1

νkm =

λˆ m
λˆ 2 − λˆ 2m

χk(0) , Gχm(0) ,

m = i, i + 1, k = i, i + 1,

(21d)

k

1)
where νkm for m = i, i + 1 represents the contribution of χk(0 ) to the eigenvector perturbations χi(1 ) and χi(+1
. Eq. (21a) gives
μi+1 = −μi , indicating one natural frequency goes up and the other goes down at the same rate when a degenerate natural
frequency splits from zero to non-zero speeds. This agrees with the numerical results in Fig. 3 for speeds near zero.
0)
The unperturbed eigenvectors χi(0 ) and χi(+1
for degenerate modes are obtained from Eq. (21b). For the case of trans-

0)
lational modes, Eq. (21b) gives χi(0 ) of phase index 1 and χi(+1
of phase index N − 1. For the case of planet modes,
0)
Eq. (21b) gives χi(0 ) of phase index d and χi(+1
of phase index N − d.

The eigenvector perturbation χi(1 ) in Eqs. (20b) and (21c) is expressed as a linear combination of the unperturbed eigen-

vectors χk(0 ) with the coeﬃcient νki denoting the contribution of χk(0 ) to χi(1 ) . Evaluation of Eqs. (20c) and (21d) shows the
coeﬃcients νki vanish when χk(0 ) and χi(0 ) have different phase indices.
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Fig. 6. Non-gyroscopic purely ring modes at r = 0 (solid lines) and real part of the corresponding gyroscopic modes at r = −0.05 (dashed lines) associated with the natural frequencies (a) ω21 and (b) ω4 in Fig. 3. The dotted lines represent undeformed positions. The ring rigid body is not shown. For
visualization, the discrete deﬂections are ampliﬁed 20 times relative to the elastic ring deﬂections for both the non-gyroscopic and gyroscopic modes.

2.6.2. Evolution of purely ring modes
The evolution of purely ring modes from stationary to spinning systems follows Eq. (20) because they are distinct modes.
Purely ring modes of type 0 and those of type N/2 evolve differently.
For a purely ring mode of type 0, the unperturbed eigenvector χi(0 ) has phase index 0. Considering the coeﬃcients νki
that represent the contribution of a stationary system eigenvector χk(0 ) to the eigenvector perturbation χi(1 ) , nontrivial νki

are possible only for χk(0 ) being a rotational mode or another type 0 purely ring mode. Other νki vanish for χk(0 ) being
a translational, planet, or type N/2 purely ring mode. Thus, the perturbed eigenvector χi is a linear combination of the
stationary system’s phase index 0 modes, ensuring it has the structure of a rotational mode in Table 4. Therefore, a stationary
system purely ring mode of type 0 evolves into a rotational mode when the system spins. Fig. 6a shows an example of this
evolution.
For a type N/2 (N even) purely ring mode of a stationary system, the eigenvector perturbation χi(1 ) in Eq. (20b) contains
only contributions from stationary system distinct planet modes or type N/2 purely ring modes; the coeﬃcients νki can be
non-trivial only for χk(0 ) of these types. Thus, the eigenvector perturbation χi(1 ) yields a spinning system eigenvector χi that
has the structure of a planet mode of phase index N/2 in Table 4. Thus, a type N/2 purely ring mode becomes a planet
mode of phase index N/2 when gyroscopic effects are introduced. Fig. 6b illustrates this evolution.
Physically, purely ring modes in which the ring has ﬁxed nodes at all ring-planet mesh locations [14] cannot exist in
the gyroscopic system. Vibration modes of gyroscopic systems are traveling waves [20,38] in which purely ring modes with
ﬁxed nodes cannot stand.
2.6.3. Evolution of degenerate modes
Translational modes and degenerate planet modes for stationary systems are of multiplicity two (Table 5). The evolution
of these degenerate modes follows Eq. (21).
0)
For a pair of degenerate translational modes, the unperturbed stationary system eigenvectors χi(0 ) and χi(+1
have phase

(0 )
indices 1 and N − 1, respectively. Because the coeﬃcients νkm for m = i, i + 1 in Eq. (21d) vanish when χk(0 ) and χm
have

different phase indices, only unperturbed translational mode eigenvectors χk(0 ) of phase index 1 contribute to the eigenvector

1)
perturbation χi(1 ) , and only unperturbed translational mode eigenvectors χk(0 ) of phase index N − 1 contribute to χi(+1
. Thus,

the linear combination of χi(0 ) and χi(1 ) in Eq. (19) gives a spinning system eigenvector χi that is a translational mode of

0)
1)
phase index 1. Similarly, the linear combination of χi(+1
and χi(+1
in Eq. (19) results in a translational mode χi+1 of phase
index N − 1. Fig. 3 shows how a degenerate translational mode natural frequency (e.g., ω8,9 ) splits into two translational
mode natural frequencies. The perturbed results show that one of the split modes is of type 1 (i.e., phase index 1), and the
other is of type N − 1 (i.e., type 5 for a six-planet system).
A similar analysis as for the degenerate translational mode evolution works for the evolution of degenerate planet modes.
0)
For a pair of degenerate planet modes, the unperturbed stationary system eigenvectors χi(0 ) and χi(+1
are of phase indices

d and N − d, respectively, where d ∈ {2, 3, . . . , int((N − 1 )/2 )}. The unperturbed eigenvector χi(0 ) evolves into a planet mode
0)
χi of phase index d, and χi(+1
evolves into a planet mode χi+1 of phase index N − d. Fig. 3 demonstrates how a degenerate
planet mode natural frequency (e.g., ω10,11 ) splits into two planet mode natural frequencies with one of type 2 and the

other of type 4 for a six-planet (N = 6) system.
The above analytical results show that every degenerate natural frequency at zero speed splits into distinct natural frequencies when speed is introduced. One degenerate natural frequency goes up while the other goes down at the same rate.
One of the split natural frequencies is a type d mode and the other is of type N − d. It is natural to ask if, for example, the
type d mode natural frequency always increases or always decreases as speed increases from zero. Unfortunately there is
no general rule along these lines. Sometimes a type d mode natural frequency increases as speed increases from zero and
sometimes it decreases (while the corresponding type N − d mode natural frequency does the opposite). This is the case
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whether the degenerate natural frequency at zero speed is a translational mode (d = 1) or planet mode (d > 1) natural frequency. Fig. 3 shows that the degenerate, zero-speed translational mode natural frequencies ω8,9 and ω24,25 have opposite
behavior regarding which of the type 1 or type N − 1 = 5 natural frequencies go up and down as rotation speed is introduced. Similarly, the two degenerate planet mode natural frequencies ω5,6 and ω10,11 at zero speed differ in which of the
type d = 2 or type N − d = 4 natural frequencies go up and down as speed is introduced.
3. Parametric instabilities
The sun-planet and ring-planet mesh stiffnesses ﬂuctuate periodically with mesh frequency, causing parametric excitation from time-varying system properties. Such parametric excitation can lead to large, resonance-like vibration known as
parametric instabilities. These instabilities are known to occur in systems where the gears behave as rigid bodies [27,43].
They occur when the mesh frequency is close to certain frequencies known as parametric instability frequencies. In such
cases, we must identify the combinations of mesh stiffness ﬂuctuation frequencies and amplitudes that cause parametric
instabilities.
Parker and Wu [28] investigated parametric instabilities for stationary planetary gears without gyroscopic effects. Because gyroscopic effects alter the modal structure, the results in [28] do not apply. This work derives conditions for when
parametric instabilities will or will not occur for spinning planetary gears.
3.1. Mathematical derivation
Dimensionless sun-planet and ring-planet mesh stiffnesses for the n-th planet are represented as

ksn (t ) = ksp + kˆ sn (t ),

krn (t ) = kr p + kˆ rn (t ),

(22)

where kˆ sn (t ), kˆ rn (t ) are mesh stiffness variations with zero means. Fourier series representation of kˆ sn (t ) and kˆ rn (t ) gives

kˆ sn (t ) =

∞

(L ) jLωm t
[ksn
e
+ c.c.],

(23a)

L=1

kˆ rn (t ) =

∞

(L ) jLωm t
[krn
e
+ c.c.],

(23b)

L=1

where
 ωm is the non-dimensional mesh frequency that relates to the dimensional mesh frequency ω˜ m according to ω˜ m =
ωm kζ /m p .
The sun-planet mesh stiffnesses for different planets differ only by a time translation, and similarly for the ring-planet
mesh stiffnesses, giving

ksn (t ) = ks1 (t − γsn Tm ),

krn (t ) = kr1 (t − γrn Tm ),

(24)

where Tm = 2π /ωm denotes the mesh period and γsn (γrn ) is the mesh phase between the n-th and ﬁrst sun-planet (ringplanet) meshes. Refs. [16,44] give

γsn = Zs ψn /(2π ), γrn = −Zr ψn /(2π )

(25)

for counter-clockwise rotation of the carrier relative to the ring gear (i.e., c > r ), and

γsn = −Zs ψn /(2π ), γrn = Zr ψn /(2π )

(26)

for clockwise rotation of the carrier relative to the ring gear (i.e., c < r ), where Zs and Zr are the sun and ring gear tooth
numbers. The relation γsn = γrn holds for equally-spaced systems [16,44]. With the phase relations in Eq. (24), the Fourier
(L )
(L )
coeﬃcients ksn
, krn
at planet n are related to those at planet 1 by
(L )
ksn
= ks(1L ) e−j2π Lγrn ,

(L )
(L ) −j2π Lγrn
krn
= kr1
e
.

(27)

(1 )

(1 )

We deﬁne two small parameters  = |kr1 |/kr p and μ = |ks1 |/ksp with μ = g , where g = O(1 ). Use of  and μ in
Eq. (23) yields

kˆ sn (t ) =  gksp

∞

(L ) jLωm t
[Csn
e
+ c.c.],

(28a)

L=1

kˆ rn (t ) =  kr p

∞

(L ) jLωm t
[Crn
e
+ c.c.],

(28b)

L=1

(L )
(L )
Csn
= ksn
/|ks(11) |,

(L )
(L )
(1 )
Crn
= krn
/|kr1
|.

(28c)
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The assumption of small  and μ is examined subsequently by comparing analytical perturbation and numerical results.
The dimensionless equation of motion for the time-varying planetary gear system is [16]

Mχ̈ + (r Gr + c Gc )χ˙ + (K(t ) − 2r Cr − 2c Cc − 2r c Crc )χ = 0,

(29)

where M, Gr , Gc , Cr , Cc , and Crc are the same extended operators as for the eigenvalue problem in Eq. (2). The operator
K(t ) is the same as K in Eq. (2) with ksn , krn replaced by the time-varying sun-planet and ring-planet mesh stiffnesses
ksn (t ), krn (t ).
Separation of the stiffness operator K(t ) into time-varying and time-invariant parts gives

K(t ) = K0 + 

∞

(L )
[(Ksp
+ Kr(Lp) )ejLωm t + c.c.],

(30)

L=1

(L )
where K0 is the same as the extended operator K in Eq. (2). The Fourier coeﬃcient operators Ksp
and Kr(Lp) have the same
form as K(t ) with substitutions that all stiffnesses other than mesh stiffnesses are zero and the sun-planet and ring-planet
(L ) −j2π Lγrn
mesh stiffnesses for the n-th planet in K(t ) are substituted by gkspCs(1L ) e−j2π Lγrn and kr pCr1
e
.
Substitution of Eq. (30) into Eq. (29) and casting the resulting equation into state space form [45] give


ϕ = χ˙ T

Aϕ˙ + Bϕ +  D(t )ϕ = 0,



M
0

A=

T
χT ,


0

K0 − 2r Cr − 2c Cc − 2r c Crc



r G r + c G c
B=
−(K0 − 2r Cr − 2c Cc − 2r c Crc )


D(t ) =

0
0

∞
L=1 [

(31a)

,

(31b)



K0 − 2r Cr − 2c Cc − 2r c Crc
,
0


(L )
(Ksp
+ Kr(Lp) )ejLωm t + c.c.]
.

(31c)

(31d)

0

An inner product deﬁned in the state space is

( a, b ) = a1 , b 1  + a2 , b 2 ,
 T

 T
T T

(32)


T T

where a = a1
and b = b1
are two elements in the state space having the form of ϕ in Eq. (31a), ai and
a2
b2
bi (i = 1, 2 ) are extended vectors having the same form of χ in Eq. (1), and ·, · is the conﬁguration space inner product
deﬁned in Eq. (3). The state space formulation in Eq. (31) gives the advantage that the eigenfunctions ϕk (θ ) of the state
space eigenvalue problem


ϕk = jωk χTk

jωk Aϕk + Bϕk = 0,

T
χk T ,

k = 1, 2, . . .

(33)

are orthogonal with respect to A and B such that




ϕl , Aϕk = δlk ,




ϕl , Bϕk = −jωl δlk ,

(34)

where δlk is the Kronecker delta [36].
The state space formulation in Eq. (31) and the eigenfunction orthogonality in Eq. (34) facilitate an analysis using the
method of multiple scales that yields closed-form expressions for parametric instability boundaries. These boundaries identify regions in the parametric excitation frequency (ωm ) and amplitude ( ) parameter plane where parametric instabilities
occur. The derivation is not shown because it is similar to that in Ref. [46].
Parametric instabilities involving two modes (called combination instabilities) occur when a mesh frequency harmonic is
close to the sum of two natural frequencies, that is,

Lωm = ωl + ωk + σ ,

L = 1, 2, . . . ,

(35)

where σ = O(1 ) is a real-valued detuning parameter. In this case, both modes experience large vibration at their respective
natural frequencies. Single mode parametric instabilities occur for l = k. It can be shown that difference type parametric
instabilities (Lωm = ωl − ωk + σ ) cannot occur.
Following the perturbation approach in Ref. [46], we derive instability boundaries for the two modes χl and χk (i.e., ϕl
and ϕk ) as

ωm =

ωl + ωk
L

±

2

√

ωl ωk
L

 D[Llk] ,

(36a)
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N 

¯ [snl] 
¯ [snk] + kr pC (L ) 
¯ [rnl] 
¯ [rnk] e−j2π Lγrn
gkspCs(1L ) 
r1

 D[Llk] = 

n=1


N 

¯ [snl] 
¯ [snk] + k(L ) 
¯ [rnl] 
¯ [rnk] e−j2π Lγrn ,
=
ks(1L ) 
r1

(36b)

n=1

where sn and rn are the sun-planet and ring-planet mesh deﬂections for the n-th planet for the mode χl , and sn and
[l]

[rnk]

[l]

[k]

are for the mode χk . These mesh deﬂections for a given mode χk are

[snk] =(−x[sk] sin ψsn + y[sk] cos ψsn + u[sk] )
+ (−ζn[k] sin αs − ηn[k] cos αs + u[nk] ),

(37a)

[rnk] =[−u[k] sin αr + v[k] cos αr −  β [k] cos αr ]θ =ψn
+ (ζn[k] sin αr − ηn[k] cos αr − u[nk] ),

(37b)

where ψsn = ψn − αs .
Eq. (36) gives the upper and lower boundaries of mesh frequency that cause parametric instability between modes χl
and χk induced by the L-th harmonic. The mesh frequency bandwidth between the two boundaries is

ω m =

4

N 
ωl ωk 

√



¯ [snl] 
¯ [snk] + k(L ) 
¯ [rnl] 
¯ [rnk] e−j2π Lγrn
ks(1L ) 
r1

L

(38)

n=1

Eq. (38) shows the instability bandwidth depends on the natural frequencies, mesh stiffness Fourier coeﬃcients, mesh phase,
and modal gear mesh deﬂections. We now simplify Eq. (38) by showing the gear mesh deﬂections for a gyroscopic mode
χk with phase index d[k] satisfy

[snk] = ejd

[k]

ψ n [ k ] ,

[rnk] = ejd

s1

[k]

ψ n [ k ] .

(39)

r1

Use of the modal representation for gyroscopic rotational modes with phase index 0 (Table 4) in Eqs. (37a) and
(37b) yields

[snk] = [sk1] =u[sk] − ζ1[k] sin αs − η1[k] cos αs + u[1k] ,
[rnk] = [r1k] =

∞

s=−∞

(40a)

[k]
(−a[sNk] sin αr + b[sNk] cos αr −  csN
cos αr )

+ (ζ1[k] sin αr − η1[k] cos αr − u[1k] ).

(40b)

d [k]

Eqs. (40a) and (40b) satisfy Eq. (39) with
= 0. Similarly, use of the modal representation for a gyroscopic translational
or planet mode with phase index d[k] ∈ {1, 2, . . . , N − 1} from Table 4 in Eqs. (37a) and (37b) leads to the results in Eq. (39).
The mesh phase γrn appearing in Eq. (38) has different expressions in Eqs. (25) and (26) for c > r and c < r ,
respectively. We ﬁrst proceed with c > r . Substitution of Eq. (39) into Eq. (38) and simultaneously invoking γrn in
Eq. (25) for c > r lead to

ω m =

4

ωl ωk 

√

L

¯ [l] 
¯ [k] + k ( L ) 
¯ [l] 
¯ [k]
ks(1L ) 
s1 s1
r1
r1 r1


N

e−j(d

[l]

+d[k] −LZr )ψn

.

(41)

n=1

An expected parametric instability between modes χl and χk for the L-th harmonic might not occur (i.e., ωm = 0) because
the following identity holds for integer values of p:
N




ej pψn =

n=1

N,
0,



p/N = integer
.
p/N = integer

(42)

According to Eq. (42), the instability bandwidth ωm in Eq. (41) vanishes when

(d[l] + d[k] − LZr )/N = integer.

(43)

This indicates suppression of the parametric instability between modes χl and χk for the L-th mesh harmonic.
When (d[l] + d[k] − LZr )/N = integer, the instability bandwidth in Eq. (41) becomes

ω m =

4N

√

ωl ωk

L

¯ [l] 
¯ [k] + k ( L ) 
¯ [l] 
¯ [k] .
ks(1L ) 
s1 s1
r1
r1 r1

(44)
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Table 6
Selection of different planet phasing conditions (i.e., different gear tooth
numbers) to examine the parametric instability suppression rules for
spinning systems with c > r in Eq. (43) and c < r in Eq. (46).
Case I

Case II

Zs = 30, Zr = 100

Zs = 29, Zr = 101

(L )
The mesh stiffness Fourier coeﬃcients ks(1L ) and kr1
and the gear mesh deﬂections s1 , r1 , s1 , and r1 are complexvalued quantities. Both the amplitudes and phases of these complex-valued quantities affect the instability bandwidth.
For systems with c < r , substitution of Eq. (39) and the mesh phase γrn in Eq. (26) into Eq. (38) yields
[l]

ω m =

4

ωl ωk 

√

L

¯ [l] 
¯ [k] + k ( L ) 
¯ [l] 
¯ [k]
ks(1L ) 
s1 s1
r1
r1 r1


N

e−j(d

[l]

+d[k] +LZr )ψn

[l]

[k]

[k]

.

(45)

n=1

Parametric instabilities between modes χl and χk for the L-th mesh harmonic are suppressed when

(d[l] + d[k] + LZr )/N = integer.

(46)

Otherwise, parametric instabilities occur and the instability bandwidth has the same expression as in Eq. (44).
3.2. Comparison of instability suppression rules for stationary and spinning systems
Parker and Wu [28] derived a parametric instability suppression rule for stationary planetary gears without gyroscopic
effects that depends on the modal structure for stationary planetary gears (Table 5) deﬁned in Ref. [14]. This suppression
rule for stationary systems [28] gives that parametric instabilities between two modes χl and χk for the L-th harmonic are
suppressed when

(d[l] ± d[k] ± LZr )/N = integer,
d[l]

(47)

d [k]

where
and
are mode type numbers given in Table 5. Purely ring modes do not cause parametric instabilities because
they do not have mesh deﬂections [28]. This instability suppression rule in Eq. (47) is different from those for spinning systems with c > r in Eq. (43) or c < r in Eq. (46). Although the equations for them look similar, the following two
examples illustrate the substantial differences between the instability suppression rules for stationary and spinning systems. The differences highlighted below do not indicate any error in the results in [28]. The differences arise only from the
gyroscopic rotation speed effects that are neglected in [28].
The ﬁrst example is an in-phase system where Zs /N and Zr /N are integers. In this case, the suppression rules for both
stationary and spinning systems are independent of the harmonic number L. The suppression rule in Eq. (47) for stationary
systems predicts that only two rotational, translational, or planet modes of the same type number can experience parametric
instability. In contrast, the suppression rules for spinning systems with c > r in Eq. (43) or c < r in Eq. (46) (they
are the same for in-phase systems) give that parametric instabilities can occur only between: two rotational modes, two
translational modes with one of phase index 1 and the other of phase index N − 1, and two planet modes with one of phase
index d and the other of phase index N − d, where d ∈ {2, 3, . . . , N − 2}. Parametric instabilities between two translational or
planet modes having the same phase index (not N/2) are suppressed. Because of the natural frequency splitting and changes
with rotation speed as in Fig. 3, the possible parametric instability frequencies also differ from the stationary system.
The second example is a six-planet (N = 6) system with out-of-phase tooth meshes. The sun and ring tooth numbers
are Zs = 6ns − 2 and Zr = 6nr + 2, where ns and nr are integers. According to Eq. (47), parametric instabilities for the ﬁrst
harmonic (L = 1) can occur between: a rotational mode and a type 2 planet mode, any two translational modes, a translational mode and a type 3 planet mode, and two planet modes both of type 2. The suppression rule for systems with
c > r in Eq. (43) predicts existence of instabilities for the ﬁrst harmonic (L = 1) between: a rotational mode and a planet
mode having phase index 2, two translational modes both having phase index 1, a translational mode of phase index 5 and
a planet mode of phase index 3, and two planet modes both having phase index 4. According to the suppression rule for
systems with c < r in Eq. (46), instabilities for the ﬁrst harmonic (L = 1) occur between: a rotational mode and a planet
mode having phase index 4, two translational modes both having phase index 5, a translational mode of phase index 1 and
a planet mode of phase index 3, and two planet modes both having phase index 2.
3.3. Parametric instability results and discussion
This section investigates the parametric instabilities of two example ﬁve-planet systems with different mesh phasing
conditions in Table 6. Case I has in-phase tooth meshes because Zs /N and Zr /N are integers. Case II has out-of-phase tooth
meshes. These two systems have the same parameters in Table 3 and mesh stiffness variations for the ﬁrst planet. The mean
values of the mesh stiffnesses are the values of ksp and kr p in Table 3, and the ﬁrst ﬁve mesh stiffness harmonics are given

(1 )
in Table 7. The nominal values of  and μ for the mesh stiffnesses are 0 = |kr1
|/kr p = 0.133 and μ0 = |ks(11) |/ksp = 0.133,
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Table 7
Fourier coeﬃcients of sun-planet and ring-planet mesh
stiffnesses for the ﬁrst planet in Eq. (23).
Harmonics, L

ks(1L ) (106 N m−1 )

(L )
(106 N m−1 )
kr1

1
2
3
4
5

−62.0 + j14.5
22.0 − j10.2
8.18 − j7.43
−9.68 + j14.1
0.467 − j0.112

−69.5 + j26.6
10.4 − j2.64
11.6 − j19.3
−2.30 + j3.53
0.363 + j14.0

Fig. 7. Dimensionless natural frequencies for Case I and Case II over a range of ring speeds. They are identical for the two systems. The dashed (ω33 ),
dotted (ω29 , ω30 ), and solid lines (ω31 , ω32 ) represent natural frequencies of rotational, translational, and planet modes, respectively.

and g = μ0 /0 = 1. In subsequent results, we show parametric instability regions in the ωm −  plane. For different values of
(L )
 , the value of g and the mean values of mesh stiffnesses are ﬁxed; only the mesh stiffness harmonics ks(1L) and kr1
change
proportionally to  . For example, all the mesh stiffness harmonics in Table 7 increase by a factor of two as  doubles.
Fig. 7 shows the natural frequencies ω29 ∼ ω33 and their phase indices (i.e., mode types) for Case I and Case II, which
have identical natural frequencies and vibration modes, over a range of ring speeds (negative speeds are clockwise rotation).
The carrier is stationary. The natural frequencies are calculated from the discretized eigenvalue problem in Eq. (6). The
degenerate zero-speed translational mode frequencies ω29,30 and planet mode frequencies ω31,32 split for non-zero ring
speeds. The phase index for any split natural frequency remains as either d or N − d when the ring speed changes from
negative to positive, provided one tracks the mode along the natural frequency locus with continuous slope at zero speed.
Fig. 8 shows the instability region boundaries from the analytical solution in Eq. (36) and numerical solutions from Floquet theory [47,48] for Case I at dimensionless ring speed r = −0.05. The analytical and numerical predictions match well
for a range of mesh stiffness excitation amplitudes ( ) extending well past the nominal value of 0 = 0.133. When combination of mesh frequency ωm and mesh stiffness ﬂuctuation amplitude  lie within an instability region, the response for this
linear system model will be unbounded. In practice, nonlinearities would bound the response at some large amplitude. Both
of the parametrically excited modes χl and χk in a combination instability where l = k in Eq. (36) vibrate at large amplitude
at their respective natural frequencies ωl and ωk . For single mode instabilities where l = k in Eq. (36), the unstable mode
vibrates at its natural frequency.
For the in-phase system of Case I, single mode parametric instabilities occur only for rotational modes, such as 2ω33 for
the ﬁrst harmonic (L = 1, Fig. 8a) and ω33 for the second harmonic (L = 2, Fig. 8b). The parametric instabilities for a single
translational or planet mode are suppressed. For example, the instability regions for 2ω29 and 2ω31 are absent in Fig. 8a.
This occurs because only the rotational modes χk with phase index d[k] = 0 satisfy 2d[k] /N = 2d[k] /5 = integer. For an inphase system having an even number of planets, single mode parametric instability can occur for a planet mode χk having
phase index d[k] = N/2 because 2d[k] = N. This result differs from the instability suppression rule for stationary planetary
gears in Eq. (47) that admits parametric instabilities for a single mode for in-phase systems no matter whether the mode is
a rotational, translational, or planet mode.
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Fig. 8. Instability regions for Case I at dimensionless ring speed r = −0.05 for a range of  . The solid lines are perturbation solutions from Eq. (36), and
the asterisks are numerical solutions from Floquet theory. (a) L = 1, (b) L = 2.

Fig. 9. Instability regions for Case II at dimensionless ring speed r = −0.05 for a range of  . The solid lines are perturbation solutions from Eq. (36), and
the asterisks are numerical solutions from Floquet theory. (a) L = 1, (b) L = 2.

Combination parametric instabilities (l = k in Eq. (36)) occur for two split translational (ω29 , ω30 ) or planet (ω31 , ω32 )
mode natural frequencies for both the ﬁrst and second harmonics in Fig. 8. Phase indices of a pair of split natural frequencies
ωl and ωk satisfy d[l] + d[k] = N, as shown in Section 2.6.3. Therefore, parametric instabilities occur between ω29 and ω30
and between ω31 and ω32 for the in-phase system. Single mode parametric instabilities (l = k in Eq. (36)) cannot occur for
any of these four modes for L = 1 and L = 2 because Eq. (43) holds for d[l] = d[k] = 0. These results also differ from those
for the stationary system in [28].
Fig. 9 shows the instability regions analogous to Fig. 8 but for the out-of-phase system of Case II at dimensionless ring
speed r = −0.05. The instability suppression rule for c > r in Eq. (43) gives that parametric instabilities between two
modes χl and χk can occur only if their phase indices satisfy (d[l] + d[k] − 101L )/N = integer. This suppression rule and the
phase indices for the natural frequencies ω29 ∼ ω33 in Fig. 7 at negative ring speeds explain the occurrence or absence of
all potential parametric instabilities in Fig. 9a for L = 1 and Fig. 9b for L = 2.
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For an out-of-phase system, combination instabilities between a pair of split natural frequencies ωl and ωk are suppressed for the L-th harmonic with L/N = integer because the suppression rule in Eq. (43) holds for the two split natural frequencies with their phase indices satisfying d[l] + d[k] = N. Absence of the parametric instabilities ω29 + ω30 and ω31 + ω32
in Fig. 9(a) and (ω29 + ω30 )/2 and (ω31 + ω32 )/2 in Fig. 9(b) conﬁrms the foregoing statement. Single mode parametric instabilities can occur for these four modes if their phase index satisﬁes (2d[k] − 101L )/N = integer. For example, single mode
parametric instabilities occur at 2ω32 in Fig. 9(a) and ω29 in Fig. 9b. These results differ from those for stationary systems
in [28].
Fig. 8 and Fig. 9 show completely different behaviors of parametric instabilities for Case I and II although these two
systems are nearly identical with minimal difference of gear tooth numbers (Table 6). Such results demonstrate a method
to suppress some large-bandwidth parametric instabilities occurring at the operating speeds of most interest by slightly
changing the gear tooth numbers while leaving the gear ratio, natural frequencies, and vibration modes minimally changed.
The parametric instabilities do not depend on rotation direction. If the example planetary gear reverses rotation direction,
the parametric instabilities for Cases I and II stay the same as those in Fig. 8 and Fig. 9 because two speed inﬂuences cancel
out. The ﬁrst inﬂuence is the change in suppression rule from Eq. (43) to Eq. (46). The second inﬂuence, discussed at the end
of Section 2.4, is that the mode type (i.e., phase index) associated with a given natural frequency changes from d to N − d
when the rotation direction changes, even though the numerical values of the natural frequencies are the same regardless
of rotation direction. Thus, if the rotation direction changes in the example above, the mode types of all modes also change
from d to N − d. It is straightforward to show that Eq. (46) with d[l] → N − d[l] and d[k] → N − d[k] is equivalent to Eq. (43).
For example, the type 3 natural frequency ω32 at negative ring speeds experiences parametric instability near 2ω32 for L = 1
of Case II because it does not satisfy the suppression rule in Eq. (43) for d[l] = d[k] = 3 (Fig. 9). This natural frequency ω32
becomes type 2 for positive ring speeds. In that case, parametric instability occurs near 2ω32 for L = 1 of Case II because it
does not satisfy the suppression rule in Eq. (46) for d[l] = d[k] = 2.
4. Conclusions
This paper investigates the natural frequencies, vibration modes, and parametric instabilities of spinning planetary gears
having equally-spaced planets and a deformable ring. All gyroscopic and centripetal effects are included. Any of the sun,
carrier, or ring can be stationary, or all three can spin.
The structured modal properties of spinning planetary gears with an elastic ring are identiﬁed numerically and proved
analytically. All vibration modes fall into three different categories: rotational, translational, and planet modes. Each category has speciﬁc phase indices, and these phase indices are shown to have dramatic effects on the dynamic response. For
each phase index, the central components (sun, carrier, and ring rigid body), planets, and elastic ring have speciﬁc deﬂections, and the deﬂections of each cyclically symmetric sector (i.e., each planet sector) vibrate identically except for a phase
difference. The proof is achieved by discretizing the ring such that the discretized system falls within the scope of general
cyclically symmetric systems considered in Ref. [11]. Although the proof targets spur planetary gears with an elastic ring, we
demonstrate the proof can be extended to helical planetary gears with any or all of the sun, carrier, and ring being elastic.
Analysis of parametric instabilities reveals an instability suppression rule for spinning planetary gears. This suppression
rule shows that planet phasing parameters (sun and ring tooth numbers and number of planets) signiﬁcantly affect the
instability behavior. The phase indices of the different mode types are crucial to the presence or suppression of instabilities.
Slight changes of gear tooth numbers that change the mesh phasing conditions can suppress certain parametric instabilities
with minimal change in the natural frequencies, vibration modes, and gear ratio.
The modal properties and parametric instability suppression rule for spinning planetary gears differ signiﬁcantly from
those for stationary planetary gears in Refs. [14,28].
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Appendix A. Extended Operators
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,
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